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§4.1 �ê½Æ

�!Ëã|Á�¥�(Ø

X1, X2, ¨ ¨ ¨ ÕáÓ©Ù, „ Bp1, pq.

¤õgê: Sn “ X1 ` ¨ ¨ ¨ `Xn.

¤õªÇ: Yn “ Sn{n.

@ε ą 0, An “ An,ε “ t|Yn ´ p| ą εu
:::::::::::::

“ t|Sn ´ ESn| ą nεu,

P pAnq ď
VarpSnq

pnεq2
“
npp1´ pq

n2ε2
nÑ8
ÝÑ 0.

½Â4.1.1. e lim
nÑ8

Pp|Xn ´X| ą ε
::::::::::::

q “ 0, @ε ą 0, K¡Xn �

VÇÂñuX, P�Xn
P
Ñ X.

~4.1.3. oK$�.
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�!�ê½Æ9Ùy²

�X1, X2, ¨ ¨ ¨ ´�ÅCþS�. -

Sn :“ X1 ` ¨ ¨ ¨ `Xn.

e�3¢êS�a1, a2, ¨ ¨ ¨ �b1, b2, ¨ ¨ ¨ ¦�

an ` bnSn
P
Ñ 0,

K¡X1, X2, ¨ ¨ ¨ Ñl(f)�ê½Æ(WLLN).

½n(�ê½Æ): eX1, X2, ¨ ¨ ¨ ÷v ˚˚, K ˚˚.

~~�Ä:
Sn
n
´ an

P
Ñ 0 ½

Sn
n

P
Ñ a.
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½n4.1.4. �
::::::::::
X1, X2, ¨ ¨ ¨ ÕáÓ©Ù, ���3�k�, K

1

n
Sn

P
Ñ µ “ EX1, p=

1

n
pSn ´ ESnq

P
Ñ 0q

@ε ą 0, An “ t|Sn{n´ µ| ą εu “ t|Sn ´ ESn| ą nεu,

PpAnq ď
VarpSnq

pnεq2
“
nVarpX1q

n2ε2
Ñ 0.

·K4.1.5. �
::
˚˚ üüØ�'�sup

n
VarpXnq ă 8, K˚˚.

~4.1.6. �
:::::::::::
A1, A2, ¨ ¨ ¨ �pÕá, Sn �A1, ¨ ¨ ¨ , An ¥u)�

ogê, K˚˚.

·K4.1.7. eVarpSnq “ opn2q, K˚˚.
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½n4.1.8. �X1, X2, ¨ ¨ ¨ ÕáÓ©Ù, lim
xÑ8

xPp|X1| ą xq “ 0, K

1

n
Sn ´ EpX1 ¨ It|X1|ďnuq

P
Ñ 0.

�{: �äX Ñ X ¨ It|X|ďMu.

8I: ÀMn, ^Tn ��Sn.

Tn :“ X1 ¨ 1t|X1|ďMnu ` ¨ ¨ ¨ `Xn ¨ 1t|Xn|ďMnu.

��¡, �¦Mn ě Opnq, ±¦�eªm>
nÑ8
ÝÑ 0.

PpSn ‰ Tnq ď P

˜

n
ď

i“1

t|Xi| ąMnu

¸

ď nPp|X| ąMnq.

,��¡, �¦Mn ď Opnq. ��Mn “ n.
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,��¡, �¦Mn ď Opnq.

�¦‹ “ opnq, ±��WLLN.

P

ˆ
ˇ

ˇ

ˇ

ˇ

Tn ´ ETn
n

ˇ

ˇ

ˇ

ˇ

ě ε

˙

ď
1

ε2
¨
VarpTnq

n2
“

1

ε2
¨
VarpX ¨ It|X|ďMnuq

n
.

EX2 ¨ It|X|ďMnu ď

ż Mn

0

2xPp|X| ą xqdx “ opMnq.

~3.1.30. EX2 ¨ It|X|ďau “

ż 8

0

PpX2 ą y, |X| ď aqdy

“

ż a

0

Ppx ă |X| ď aqdx2 ď

ż a

0

2xPp|X| ą xqdx.

�Mn “ n, Pµn “ EpX ¨ It|X|ďnuq.

P

ˆ
ˇ

ˇ

ˇ

ˇ

Sn
n
´ µn

ˇ

ˇ

ˇ

ˇ

ě ε

˙

ď P pSn ‰ Tnq ` Pp‹q
nÑ8
ÝÑ 0.
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ÿÐ:

~4.1.9(~3.2.9). n Ük, �£Ä�. ��rαns ÜIÄ�Y
pαq
n g.

®�k ´ 1 Ü�, ����Ü#k, �IÄ�Xk g. X1 ” 1.

��k Ü, IÄ�Sk “ X1 ` ¨ ¨ ¨ `Xk g,
::::::
k “ n

:::::::::::
½k “ rαns.

Xk’s �pÕá, Xk „ Gppkq, Ù¥pk :“
n´ k ` 1

n
.

EXk “
1

pk
, VarpXkq “

1´ pk
p2k

. σ2k “ opµ2kq:

µk :“ ESk “ np
1

n
` ¨ ¨ ¨ `

1

n´ k ` 1
q « n lnn ½ n ln

1

1´ a
,

σ2k :“ VarpSkq ď n2p
1

n2
` ¨ ¨ ¨ `

1

pn´ k ` 1q2
q “ Opn2q ½ opn2q.

Sk
µk

P
Ñ 1:

P

ˆ
ˇ

ˇ

ˇ

ˇ

Sk
µk
´ 1

ˇ

ˇ

ˇ

ˇ

ą ε

˙

“ P

ˆ
ˇ

ˇ

ˇ

ˇ

Sk ´ µk
µk

ˇ

ˇ

ˇ

ˇ

ą ε

˙

ď
σ2k
ε2µ2k

Ñ 0.
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~4.1.10. @f P Cr0, 1s, D õ�ªS�f1, f2, ¨ ¨ ¨ ¦�fn
r0,1s
Ñ f .

�X1, X2, ¨ ¨ ¨ ÕáÓ©Ù, „ Bp1, pq, Kf
`

Sn
n

˘

« fpxq.

Exf
`

Sn
n

˘

« fpxq,

fnpxq :“ Exf

ˆ

Sn
n

˙

“

n
ÿ

k“0

f

ˆ

k

n

˙

Cknx
kp1´ xqn´k.

PAn :“
 
ˇ

ˇ

Sn
n ´ x

ˇ

ˇ ě δ
(

, Acn “
 
ˇ

ˇ

Sn
n ´ x

ˇ

ˇ ă δ
(

.

|fnpxq ´ fpxq| ď E |‹ ´ ‹| ¨ pIAn ` IAc
n
q.

‹: @ε ą 0, Dδ ą 0 ¦�|y ´ z| ă δ ñ |fpyq ´ fpzq| ď ε{2.

‹: |‹ ´ ‹| ď C :“ 2 max
xPr0,1s

|fpxq|,

PpAnq “ P p|Sn ´ nx| ě nδq ď
VarpSnq

pnδq2
“
nxp1´ xq

n2δ2
ď

1

4nδ2
.

sup
xPr0,1s

|fnpxq ´ fpxq| ď
ε

2
`

C

4nδ2
.
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§4.2 r�ê½Æ

�!Ëã|Á�¥�(Ø

X1, X2, ¨ ¨ ¨ ÕáÓ©Ù, „ Bp1, pq.

¤õgê: Sn “ X1 ` ¨ ¨ ¨ `Xn „ Bpn, pq.

¤õªÇ: Yn “ Sn{n.

B “
!

ω : lim
nÑ8

Ynpωq “ p
)

.
:::::
8I:

::::::::::
PpBq “ 1.

ω P B: @k ě 1, DN ě 1 s.t. @n ě N , |Ynpωq ´ p| ď 1{k.

ω R B: Dk ě 1, @N ě 1 s.t. Dn ě N , |Ynpωq ´ p| ą 1{k.

PBn,k “ t|Yn ´ p| ď 1{ku, An,k “ t|Yn ´ p| ą 1{ku, K

B “
8
č

k“1

8
ď

N“1

8
č

n“N

Bn,k, Bc “

8
ď

k“1

8
č

N“1

8
ď

n“N

An,k.
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B “
!

ω : lim
nÑ8

Ynpωq “ p
)

, An,k “ t|Yn ´ p| ą 1{ku,

Bc “

8
ď

k“1

8
č

N“1

8
ď

n“N

An,k. 8I: PpBcq “ 0
:::::::::::::::

.

PpAn,kq “ P
´

|Sn ´ np| ą
n

k

¯

ď
k4

n4
EpSn ´ npq

4.

~3.2.12. Wi “ Xi ´ p. ‹‹ “
n
ř

i,j,k,`“1

EWiWjWkW`:

EW 4
r , EW 3

rWs, EW 2
rW

2
s , EW 2

rWsWt, EWrWsWtWu.

EW 4
r “ pq4 ` qp´pq4 “ pqpp3 ` q3q, EW 2

rW
2
s “ ppqq

2.

Ïd‹‹ “ npqpp3 ` q3q `C2
nC

2
4 ppqq

2 ď n` 3npn´ 1q ď 3n2.
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B “
!

ω : lim
nÑ8

Ynpωq “ p
)

, An,k “ t|Yn ´ p| ą
1

k
u,

Bc “

8
ď

k“1

8
č

N“1

8
ď

n“N

An,k, PpAn,kq ď
3k4

n2
. 8I: PpBcq “ 0

:::::::::::::::
.

'�::
8
ř

n“1
Pp|Yn ´ p| ą

1

k
q ď

8
ř

n“1

3k4

n2
ă 8.

Pp
8
Ť

n“N

An,kq ď 3k4
8
ř

n“N

1

n2
NÑ8
ÝÑ 0, @k.

PpBcq “ 0, PpBq “ 1.

½Â4.2.1. etω : lim
nÑ8

Xnpωq “ Xpωqu A�7,u), K

¡Xn A�7,(±VÇ1)ÂñuX, P�Xn
a.s.
ÝÑ X.

5: X ��2Â�ÅCþ, ¡Xn A�7,±X �4�.

~4.2.2. oK$�.
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�!r�ê½Æ9Ùy²

�X1, X2, ¨ ¨ ¨ ´�ÅCþS�. -

Sn :“ X1 ` ¨ ¨ ¨ `Xn.

e�3¢êS�a1, a2, ¨ ¨ ¨ �b1, b2, ¨ ¨ ¨ ¦�

an ` bnSn
a.s.
ÝÑ 0,

K¡X1, X2, ¨ ¨ ¨ Ñlr�ê½Æ(SLLN).

½n(r�ê½Æ): eX1, X2, ¨ ¨ ¨ ÷v ˚˚, K ˚˚.

~~�Ä:

Sn
n
´ an

a.s.
ÝÑ 0 ½

Sn
n

a.s.
ÝÑ a.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



·K4.2.5. �X1, X2, ¨ ¨ ¨ �pÕá, sup
n

EpXn ´ EXnq
4 ă 8, K

1

n
pSn ´ ESnq

a.s.
ÝÑ 0.

Ø��EXn “ 0.  y
1

n
Sn

a.s.
ÝÑ 0.

·K4.2.3. e
8
ř

n“1
Pp|ξn ´ ξ| ą ε

::::::::::
q ă 8, @ε ą 0, Kξn

a.s.
ÝÑ ξ.

Pp|
1

n
Sn| ą ε

:::::::::

q ď
ES4

n

pnεq4
.

S4
n “

ř

i,j,k,`

XiXjXkX`.

X4
r , X2

rX
2
s , X3

rXs, X2
rXsXt, XrXsXtXu.

EX4
r ďM , EX2

rX
2
s “ pEX

2
r qpEX

2
s q ď

a

EX4
r ¨

a

EX4
s ďM

ES4
n ď nM ` C2

nC
2
4M ď 3n2M , �¿©^�¤á.
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·K4.2.6. �X1, X2, ¨ ¨ ¨ �pÕá, sup
n

VarpXnq ă 8, K

1

n
pSn ´ ESnq

a.s.
ÝÑ 0.

Ø��EXn “ 0.  y
1

n
Sn

a.s.
ÝÑ 0.

P

ˆ
ˇ

ˇ

ˇ

ˇ

Sn
n

ˇ

ˇ

ˇ

ˇ

ą ε

˙

ď
ES2

n

pnεq2
ď

C

nε2
.

Sm2

m2

a.s.
ÝÑ 0: P

ˆ
ˇ

ˇ

ˇ

ˇ

Ym
m2

ˇ

ˇ

ˇ

ˇ

ą ε

˙

ď
C

m2ε2
.

max
1ďkď2m

|Sm2`k ´ Sm2 |

m2

a.s.
ÝÑ 0:

P

ˆ
ˇ

ˇ

ˇ

ˇ

Tm
m2

ˇ

ˇ

ˇ

ˇ

ą ε

˙

ď

2m
ÿ

k“1

P
`

|Sm2`k ´ Sm2 | ą m2ε
˘

ď

2m
ÿ

k“1

Ck

m4ε2
ď

4C

ε2m2
.
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½n4.2.7. �X1, X2, ¨ ¨ ¨ ÕáÓ©Ù, EX1 �3, K

1

n
Sn

a.s.
ÝÑ EX1.

½n4.2.22. �üüÕá, Ó©Ù, EX1 �3�k�.

íØ4.2.23. �üüÕá, Ó©Ù, EX1 �3.

Sn “ pX
`
1 ` ¨ ¨ ¨ `X

`
n q ´ pX

´
1 ` ¨ ¨ ¨ `X

´
n q.

Ø��EX` “ 8, EX´ ă 8.

Y
pMq
n “ X`n ¨ ItX`

nďMu
, T

pMq
n “ Y

pMq
1 ` ¨ ¨ ¨ ` Y

pMq
n .

�½M ě 1,
1

n
T
pMq
n

a.s.
ÝÑ EY

pMq
1 , (nÑ8).

Ω0 “
8
Ş

M“1

ΩM , Ù¥ΩM :“

"

ω : lim
nÑ8

1

n
T
pMq
n pωq “ EY

pMq
1

*

.

@ω P Ω0,

lim inf
nÑ8

1

n
Tnpωq ě lim

nÑ8

1

n
T pMqn pωq “ EY

pMq
1

MÑ8
ÝÑ 8.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



·K4.2.8. �A1, A2, ¨ ¨ ¨ üüÕá, pn “ PpAnq,
8
ř

n“1
pn “ 8, K

n
ř

k“1

IAk

n
ř

k“1

pk

a.s.
ÝÑ 1.

ESn “
n
ř

k“1

pk, VarpSnq “
n
ř

k“1

pkp1´ pkq ď ESn.

P

ˆ

|Sn ´ ESn|

ESn
ą ε

˙

ď
VarpSnq

ε2pESnq2
ď

1

ε2ESn
Ñ 0.

Dnk Õ ¦�k
2 ď ESnk

ă k2 ` 1.

PTk “ Snk
, KP

ˆ

|Tk ´ ETk|

ETk
ą ε

˙

ď
1

ε2k2
.

Tk ´ ETk
ETk

a.s.
ÝÑ 0, =

Tk
ETk

a.s.
ÝÑ 1.

�nk ď n ă nk`1 �, Tkpωq ď Snpωq ď Tk`1pωq.
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~4.2.9. �X1, X2, ¨ ¨ ¨ ÕáÓ©Ù, F ëY. P

A1 “ Ω, A2 “ tX2 ą X1u, An “
n´1
č

i“1

tXn ą Xiu,

K
Rn
lnn

a.s.
ÝÑ 1, Ù¥ Rn :“

n
ÿ

k“1

IAk
.

A1, A2, ¨ ¨ ¨ üüÕá, pn “ PpAnq “
1

n
.

ERn “
n
ř

k“1

pk « lnn.

?�Ú, -τ1 “ 1, τkpωq “ inftn ą τk´1pωq : ω P Anu.

Rτkpωqpωq “ k, τkpωq ě k. Ïdk Ñ8ñ τkpωq Ñ 8,

lim
kÑ8

k

ln τkpωq
“ lim

kÑ8

Rτkpωqpωq

ln τkpωq
“ lim

nÑ8

Rnpωq

lnn
, �

ln τk
k

a.s.
ÝÑ 1

Eτ2 “ 8: Ppτ2 ą nq “ PpX1 ě X2, ¨ ¨ ¨ , X1 ě Xnq “ 1{n.
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n!r�ê½Æ�A^

~4.2.10. A �ªÇSn{n A�7,ÂñuVÇp “ PpAq.

~4.2.11. X ��m²þSn{n A�7,Âñu�m²þEX.

~4.2.12. �f P Cra, bs. Á�O

ż b

a
fpxqdx.

Ø��a “ 0, b “ 1.

�{�!iùÈ©,

1

n

ˆ

fp
1

n
q ` fp

2

n
q ` ¨ ¨ ¨ ` fp

n

n
q

˙

« ‹.

�{�!�U1, U2, ¨ ¨ ¨ ÕáÓ©Ù, „ Up0, 1q. dSLLN,

1

n
pfpU1q ` fpU2q ` ¨ ¨ ¨ ` fpUnqq « ‹.

�{n!Ø��f ��ur0, 1s. �U1, V1, U2, V2, ¨ ¨ ¨ ÕáÓ

©Ù, „ Up0, 1q, KdSLLN,

1

n
pY1 ` ¨ ¨ ¨ ` Ynq « ‹, Ù¥ Yi “ ItViďfpUiqu.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



~4.2.13. EZ “ pEXq ¨ pEY1q, Ù¥ Z “ Y1 ` ¨ ¨ ¨ ` YX .

�X �òz; Y1 ě 0 a.s..

�X1, X2, ¨ ¨ ¨ ÕáÓ©Ù, Ù¥X1 “ X.

PTn “ X1 ` ¨ ¨ ¨ `Xn, Sn “ Y1 ` ¨ ¨ ¨ ` Yn;

Zn “ YTn´1`1 ` ¨ ¨ ¨ ` YTn “ STn ´ STn´1 .

Z1, Z2, ¨ ¨ ¨ ÕáÓ©Ù:

P pZr ď zr, r “ 1, ¨ ¨ ¨ , nq “
ÿ

k1rsě0

P
`

Xs “ ks,@s;S`r ´ S`r´1 ď zr,@r
˘

.

Sn
n

a.s.
ÝÑ EY1,

Tn
n

a.s.
ÝÑ EX.

lim
nÑ8

Z1pωq ` ¨ ¨ ¨ ` Znpωq

n
“ lim

nÑ8

Tnpωq

n
¨ lim
nÑ8

STnpωqpωq

Tnpωq
“ pEXq¨pEY1q.
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½n4.2.14. �X1, X2, ¨ ¨ ¨ ÕáÓ©Ù,
:::::
�K, EX1 ą 0. -

- Nt :“ inftn ě 1 : Sn ą tu, K
Nt

t
a.s.
ÝÑ

1

EX1
.

Nt
tÑ8
ÝÑ 8: PNtpωq Õ N8pωq, K

PpN8 ďMq ď PpNt ďMq ď PpSM ą tq
tÑ8
ÝÑ 0, @M ě 1.

lim
tÑ8

SNtpωqpωq

Ntpωq
“ lim

nÑ8

Snpωq

n
“ EX1.

Pn “ Ntpωq, KSn´1pωq ď t ă Snpωq. Ïd

Sn´1pωq

n
ď

t

Ntpωq
ă
Snpωq

n
ñ

t

Ntpωq
tÑ8
ÝÑ EX1.

íØ4.2.15 & ~4.2.16.
:::::::::::::
��K�ê�. -

- Rk :“ maxtn ě 0 : Sn ď ku, K
Rk
k

a.s.
ÝÑ

1

EX1
.
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~4.2.17. �X1, X2, ¨ ¨ ¨ ÕáÓ©Ù. -

Fnpx, ωq :“
1

n

n
ÿ

k“1

ItXkpωqďxu.

�½ω. @n, Fnp¨, ωq ´©Ù¼ê, ¡�²�©Ù¼ê.

�½x. @n, Fnpx, ¨q ´�ÅCþ.

�½x P R. Fnpx, ¨q
a.s.
ÝÑ EItX1ďxu “ F pxq.

�3Ω0 ¦�PpΩ0q “ 1 �@ω P Ω0,

Fnpx, ωq Ñ F pxq, @x P Q.

F psq Ð Fnps, ωq ď Fnpx, ωq ď Fnpr, ωq Ñ F prq. (r, s P Q)

Glivenko ½n: sup
xPR

|Fnpx, ωq ´ F pxq|
a.s.
ÝÑ 0.
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§4.3 ¥%4�½n

�!Ëã|Á�¥�(Ø

X1, X2, ¨ ¨ ¨ ÕáÓ©Ù, „ Bp1, pq.

¤õgê: Sn “ X1 ` ¨ ¨ ¨ `Xn; ¤õªÇ: Yn “ Sn{n.

IOz: S˚n “ Y ˚n “
Sn ´ np
?
npq

.

ÛÜ4�½n(Ún2.2.3, p “ 1{2): @a ă b,

lim
nÑ8

max
k:aďxkďb

ˇ

ˇ

ˇ

ˇ

PpSn “ kq

φpxkq∆xk
´ 1

ˇ

ˇ

ˇ

ˇ

“ 0, Ù¥ xk “
k ´ np
?
npq

.

@a ă b,

lim
nÑ8

Ppa ă S˚n ď bq “ Φpbq ´ Φpaq.
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PpS˚n ď xq Ñ Φpxq, @x:

lim inf
nÑ8

PpS˚n ď xq ě lim
nÑ8

Ppa ă S˚n ď xq

“ Φpxq ´ Φpaq
aÑ´8
ÝÑ Φpxq,

lim inf
nÑ8

PpS˚n ą xq ě lim
nÑ8

Ppx ă S˚n ď bq

“ Φpbq ´ Φpxq
bÑ8
ÝÑ 1´ Φpxq.

¡S˚n �©ÙÂñuZ, Ù¥Z „ Np0, 1q.
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�!ÕáÓ©ÙS��¥%4�½n

�X1, X2, ¨ ¨ ¨ ´�ÅCþS�. -

Sn :“ X1 ` ¨ ¨ ¨ `Xn.

�¦: EX2
n ă 8, VarpXnq ą 0, @n.

e

PpS˚n ď xq Ñ Φpxq, @x,

K¡éuX1, X2, ¨ ¨ ¨ , ¥%4�½n(CLT)¤á.

½n(¥%4�½n): eX1, X2, ¨ ¨ ¨ ÷v ˚˚, K ˚˚.

y²�{: �yéA�A�¼ê::Âñ,

lim
nÑ8

fS˚n ptq “ e´t
2{2, @t.
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½n4.3.4. �X1, X2, ¨ ¨ ¨ ÕáÓ©Ù, VarpX1q P p0,8q, K

PpS˚n ď xq Ñ Φpxq, @x.

54.3.5 (Berry-Esseen). �**, E|X|3 ă 8, K

sup
xPR

|FS˚n pxq ´ Φpxq| ď 3
E|X˚|3
?
n

.

Ø��µ “ 0 , σ2 “ 1. PfX “ f , K

fnptq :“ EeitS
˚
n “

´

EeitX{
?
n
¯n
“ fpsqn, s “

t
?
n
.

íØ3.8.16.

fpsq “ 1´
s2

2
` ϕpsq, Ù¥ϕpsq “ ops2q.

�½t, -nÑ8, K

fnptq “

ˆ

1´
t2

2n
` op

1

n
q

˙n

Ñ e´t
2{2.
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S˚n “ X1{
?
n`X2{

?
n` ¨ ¨ ¨ `Xn{

?
n.

fnptq “ fX{
?
nptq

n “ fpsqn.

�½t, -nÑ8.

hptq “ EeitX{
?
n, gptq “ EeitZ{

?
n “ e´t

2{p2nq.

fnptq “ hptqn, e´t
2{2 “ gptqn.

bn´an “
`

a`pb´aqu
˘n
ˇ

ˇ

ˇ

1

0
“ npb´aq

ż 1

0

`

a`pb´aqu
˘n´1

du.

}fnptq ´ e´t
2{2} ď n}hptq ´ gptq}.

n}hptq ´ p1´
t2

2n
q} “ n}ϕp

t
?
n
q} “ op1q.

n}gptq ´ p1´
t2

2n
q} “ op1q.
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n!¥%4�½n�A^

Cq@�

S˚n :“
Sn ´ nµ
?
nσ2

„ Np0, 1q, Sn „ Npnµ, nσ2q, X̄ „ Npµ,
σ2

n
q.

Cq@�

PpSn ď xq “ PpS˚n ď x˚q “ p, x˚ “
x´ nµ
?
nσ2

, p “ Φpx˚q.

n«A^.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



~4.3.7. À�<êS „ P p100q. eS ď 120 Òm���; ÄK

©¤ü��. ¦©¤ü���VÇ.

n “ 100, X „ P p1q. PpSn ą 120.5q “ PpS˚n ą 2.05q “ 0.02.

~4.3.8. 200 �Åì, z�I1 Z�>õÇ, k60% ��mó

�. õ�õÇ��y>åØv�ªÇØpu0.14%?

n “ 200. X „ Bp1, 0.6q. PpSn ąMq “ 1´ ΦpM˚q ď 0.14%.

�L�M˚ ě 3. )�M ě 141.

~4.3.9. �¦N�(J�ý¢�(,*:�|±Çq, ��)�

m�Ø�Ø�L0.05 �VÇ���95%, AN�õ�<?

X „ Bp1, qq. Pp|Sn{n´ q| ď 0.05q ě 95%. �L

�Φp1.96q “ 0.975. �¦0.05
b

n
qp1´qq ě 1.96. )�n ě 385.
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§4.4 Âñ5

�!�VÇÂñ

Xn
P
Ñ X:

lim
nÑ8

Pp|Xn ´X| ą εq “ 0, ε ą 0.

·K4.4.1. �Xn
P
Ñ X �|Xn| ďM a.s., @n, K

lim
nÑ8

E|Xn ´X| “ 0. pñ lim
nÑ8

EXn “ EXq.

|X| ďM , a.s..

E|Xn ´X|

“ E|Xn ´X| ¨ It|Xn´X|ąεu ` E|Xn ´X| ¨ It|Xn´X|ďεu

ď 2M ¨ Pp|Xn ´X| ą εq ` ε.
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�!A�7,Âñ

Xn
a.s.
ÝÑ X:

!

ω : lim
nÑ8

Xnpωq “ Xpωq
)

A�7,u).

Y1, Y2, ¨ ¨ ¨ �K, Xn “
n
ř

k“1

Yk
a.s.
ÝÑ X :“

8
ř

n“1
Yn.

Yk’s �pÕá, Yn „ P pλnq, KX8 „ P p
8
ř

n“1
λnq.

~4.4.2. ξ1, ξ2, ¨ ¨ ¨ ÕáÓ©Ù„ Bp1, pq, Yn “ ξn{2
n,

KX P r0, 1s a.s..

�L5, �‹, KX ��?�Ðm�ξ1, ξ2, ¨ ¨ ¨ .

·K4.4.3. ‹c “
8
Ť

k“1

8
Ş

N“1

8
Ť

n“N

"

|Xn ´X| ą
1

k

*

::::::::::::::::::::::::

.
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1. ÆX�-xAáÚn

A1, A2, ¨ ¨ ¨ ´��¯�.

þ4��e4�:

lim sup
nÑ8

An :“
8
č

N“1

8
ď

n“N

An, lim inf
nÑ8

An :“
8
ď

N“1

8
č

n“N

An.

~4.4.4. ‹c “ lim inf
nÑ8

Acn.

‹ “ tω : @N, Dn ¦� ω P Anu “ tω : ωáuÃ¡õ�Anu,

�P�tAn i.o.u.

~4.4.5. Ëã|Á�. An “/1n �iÎ�H0, K

lim sup
nÑ8

An “ tAn i.o.u: H ÑyÃ¡õg�iÎG;

lim inf
nÑ8

An: T �Ñyk�õg�iÎG, ���8.
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·K4.4.7 (Borel-CantelliÚn). �A1, A2, ¨ ¨ ¨ ´��¯�.

(1) e
8
ř

n“1
PpAnq ă 8, KPpAn i.o.q “ 0.

(2) e
8
ř

n“1
PpAnq “ 8 �A1, A2, ¨ ¨ ¨ �pÕá, KPpAn i.o.q “ 1.

8
Ť

n“N

An Œ A :“ tAn i.o.u, �PpAq “ lim
NÑ8

P p‹q.

(1) Pp‹q ď
8
ř

n“N

PpAnq Ñ 0.

(2) ‹c “
8
Ş

n“N

Acn “ lim
MÑ8

M
Ş

n“N

Acn,

Pp‹q “
M
ź

n“N

`

1´ PpAnq
˘

ď

M
ź

n“N

e´PpAnq “ e
´

M
ř

n“N
PpAnq

,

1´ x ď e´x, x ě 0.

Pp‹q “ lim
MÑ8

Pp‹q ď e
´

8
ř

n“N
PpAnq

“ 0, @N .
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0-1 Æ.

íØ4.4.8. eA1, A2, ¨ ¨ ¨ �pÕá, KPpAn i.o.q �0 =1.

�~4.4.9. PpAq “ 1{2, An ” A.

~4.4.10. �X1, X2, ¨ ¨ ¨ ÕáÓ©Ù. ‹ “ Sn{n.

(1) eEX1 Ø�3½uÑ, KP

ˆ

lim sup
nÑ8

|‹| “ 8

˙

“ 1.

(2) eDC P R ¦�Pp lim
nÑ8

‹ “ Cq ą 0, KEX1 “ C.

�½M . -An “ t|Xn| ą 2Mnu, n “ 1, 2, ¨ ¨ ¨ �pÕá.

8
ř

n“1
PpAnq “

8
ř

n“1
Pp|X| ą 2Mnq “ 8, �PpAn i.o.q “ 1.

An Ď Bn YBn´1, Bn “ t|Sn| ąMnu.

tAn i.o.u Ď tBn i.o.u Ď tlim sup
nÑ8

‹ ěMu. �(1) X.

d�VÇÚ(1) �EX1 �3�k�. �(2) X

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



2. A�7,Âñ��y�{

·K4.4.11. PAn,ε :“ t|Xn ´X| ą εu.

Xn
a.s.
ÝÑ X��=�P

ˆ

An,ε i.o.
:::::::

˙

“ 0,@ε ą 0.

D̂ε “
8
Ş

N“1

8
Ť

n“N

An,ε, PpĈN,εq Œ PpD̂εq.

�εŒ �, An,ε, ĈN,ε, D̂ε ÑÕ.

f�: �ε “ 1{k. ·K4.4.3:

!

ω : lim
nÑ8

Xnpωq “ Xpωq
)c
“

8
ď

k“1

8
č

N“1

8
ď

n“N

An,1{k

::::::::::::::

.

Xn
a.s.
ÝÑ X ��=�:

PpD̂1{kq “ 0, @k; PpD̂εq “ 0, @ε; PpĈN,εq
NÑ8
ÝÑ 0, @ε.

íØ(·K4.2.3).
8
ř

n“1
PpAnq ă 8,@ε ą 0 ñ ˚˚.
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íØ4.4.12. �X “ X1, X2, ¨ ¨ ¨ ÕáÓ©Ù, K

EX1 �3�k� ô Xn{n
a.s.
ÝÑ 0.

‹ ��=�
8
ř

n“1
P p|X| ą nεq ă 8, @ε. (íØ3.1.19.)

An “ t|Xn{n| ą εu, PpAnq “ ‹.

A1, A2, ¨ ¨ ¨ �pÕá, �

8
ÿ

n“1

‹ ă 8 ô PpAn i.o.q “ 0, @ε ą 0
:::::::::::::::::::::

.

˚˚
::
ô Xn{n

a.s.
ÝÑ 0.
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3. A�7,Âñ��VÇÂñ

íØ4.4.14. Xn
a.s.
ÝÑ X ñ Xn

P
Ñ X.

An “ t|Xn ´X| ą εu, PpAN q ď P

ˆ

8
Ť

n“N

An

˙

.

~4.4.15. �f, g P Cr0, 1s, g ą 0, 0 ď f ďMg. ¦

lim
nÑ8

ż 1

0
¨ ¨ ¨

ż 1

0

fpx1q ` ¨ ¨ ¨ ` fpxnq

gpx1q ` ¨ ¨ ¨ ` gpxnq
dx1 ¨ ¨ ¨ dxn.

�U1, U2, ¨ ¨ ¨ ÕáÓ©Ù, „ Up0, 1q.

Xn “ fpUnq, Yn “ gpUnq,

‹ “ EZn, Ù¥ Zn “
X1 ` ¨ ¨ ¨ `Xn

Y1 ` ¨ ¨ ¨ ` Yn
.

Sn{n
a.s.
ÝÑ EX1 “ EfpU1q, Tn{n

a.s.
ÝÑ EY1. Ïd

Zn
a.s.
ÝÑ c, � EZn Ñ c, Ù¥ c “

EX

EY
“

ż 1

0

fpxqdx

ż 1

0

gpxqdx

.
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~4.4.16. Xn
P
Ñ X ØUíÑXn

a.s.
ÝÑ X.

 

Ún4.4.17. eXn
P
Ñ X, K�3f�¦�Xnk

a.s.
ÝÑ X.

@k, Pp|Xn ´X| ą 1{kq Ñ 0.

Dnk ą nk´1 ¦��n ě nk �,

Pp‹q ă 1{2k.

PYk “ Xnk
, K@k ě 1,

Pp|Yk ´X| ą 1{kq ă 1{2k.

@ε ą 0, PAk “ t|Yk ´X| ą εu.

�1{k ď ε �, Ak Ď ‹, l


PpAkq ď 1{2k.

8
ř

k“1

PpAkq ă 8, @ε.
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Ún4.4.19. Xn
P
Ñ X ô @ f�, �3Ùf� Xnki

a.s.
ÝÑ X.

ñ, X. ð, �y{.

�Xn
P
Ñ X Ø¤á: Dε ą 0, δ ą 0 Úf� n1, n2, ¨ ¨ ¨ ¦�

Pp|Xnk
´X| ą εq ą δ, k “ 1, 2, ¨ ¨ ¨ .

::::::::::::::::::::::::::::::::::::

�3Ùf� nk1 , nk2 , ¨ ¨ ¨ ¦�Xnki

a.s.
ÝÑ X, l
Xnki

P
ÝÑ X.

˚˚ �
::̊̊
gñ!

A^(~4.4.20). �Xn
P
Ñ X, Yn

P
Ñ Y . KXn ` Yn

P
Ñ X ` Y .

@ f�nk’s, �Ùf�mi’s ¦�Xmi

a.s.
ÝÑ X.

3�mi’s �f�rj ’s ¦�Yrj
a.s.
ÝÑ Y .

Xrj
a.s.
ÝÑ X �¤á. ÏdXrj ` Yrj

a.s.
ÝÑ X ` Y .
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n!�©ÙÂñ

~4.3.2. Fnp0q “ 0, F p0q “ 1.
 

x ă 0: Fnpxq “ F pxq “ 0; x ą 0: Fnpxq Ñ F pxq “ 1.

CpF q: F �ëY:|¤�8Ü, �ê8.

�ÅCþXn, X; ©Ù¼êFn, F ; ©Ùµn, µ.

eFnpxq Ñ F pxq, @x P CpF q, K¡

(1) Xn �©ÙÂñuX, P�Xn
d
Ñ X; (½Â4.3.1)

(2) µn fÂñuµ, P�µn
w
Ñ µ; (½Â3.8.18)

(3) ¡Fn fÂñuF , P�Fn
w
Ñ F . (½Â3.8.17)

(5: d?F ��O©Ù¼ê.)

~4.3.3., §4.6 SK4. oK$�(Slutsky½n):

�Xn
d
Ñ X, Yn

d
Ñ C, K

Xn ` Yn
d
Ñ Xn ` C; XnYn

d
Ñ CX; Xn{Yn

d
Ñ X{C.
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~. �λn Ñ λ.

P pλnq
w
Ñ P pλq:

pkpλnq “
λkn
k!

e´λn Ñ pkpλq, @k.

@x, =kk��k ÷vk ď x.

5: éu�ê��©Ù�, µn
w
Ñ µ ��=�p

pnq
k Ñ pk, @k.

��=�
ř

k

|p
pnq
k ´ pk| Ñ 0. (·KA.0.1,~2.5.16).

λ “ 0: X ” 0.

Exppλnq Ñ Exppλq:

Gnpxq “ e´λnx Ñ e´λx, @x ě 0.

Gnpxq Ñ 1, @x ă 0.

λ “ 0: Gpxq ” 1, �X ” 8 �/�©Ù¼ê0.

X „ Expp1q, λn Ñ 0 �,
1

λn
X Ñ8.
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·K4.4.21. Xn
P
Ñ X ñ Xn

d
Ñ X.

qeX ” c, Kð ¤á. (���/, ð Ø¤á, �~4.4.28.)

'�ü��ÅCþ�©Ù¼ê:

PpY ď yq “ PpY ď y, |Y ´W | ď εq ` PpY ď y, |Y ´W | ą εq

ď PpW ď y ` εq ` Pp|Y ´W | ą εq
:::::::::::::::

.

PpXn ď xq ď PpX ď x` εq ` Pp|Xn ´X| ą εq
:::::::::::::::

.

PpX ď x´ εq ď PpXn ď xq ` Pp|Xn ´X| ą εq
:::::::::::::::

.

-nÑ8, 2-εÑ 0. @x P CpF q,

F pxqÐF px´εq ď lim inf
nÑ8

Fnpxq ď lim sup
nÑ8

Fnpxq ď F px`εqÑF pxq.

Ø��c “ 0.

PpXn ą εq Ñ PpX ą εq “ 0, PpXn ď ´εq Ñ PpX ď ´εq “ 0.
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~4.4.22. �X1, X2, ¨ ¨ ¨ ÕáÓ©Ù, „ Np0, 1q, K

Zn :“
X1 ` ¨ ¨ ¨ `Xn

a

X2
1 ` ¨ ¨ ¨ `X

2
n

d
Ñ X1.

�½n. ���Ý
O, 1�1�p1{
?
n, ¨ ¨ ¨ , 1{

?
nq.

-pY1, ¨ ¨ ¨ , Ynq
T :“ OpX1, ¨ ¨ ¨ , Xnq

T, K

~Y
d
“ ~X, ‹ “

?
nY1, ‹ “ Y 2

1 ` ¨ ¨ ¨ ` Y
2
n .

Zn “
Y1

c

1

n
pY 2

1 ` ¨ ¨ ¨ ` Y
2
n q

a.s.
ÝÑ Y1?

Wn :“
X1

c

1

n
pX2

1 ` ¨ ¨ ¨ `X
2
nq

a.s.
ÝÑ X1?
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·K4.4.29. �Xn
d
Ñ X, K�3�ÅCþS�Y, Y1, Y2, ¨ ¨ ¨ ¦

�Y
d
“ X; Yn

d
“ Xn, n “ 1, 2, ¨ ¨ ¨ ; �Yn

a.s.
ÝÑ Y .

F´1puq “ inftx P R : F pxq ě uu, U „ Up0, 1q,

KF´1pUq ±F �©Ù¼ê.

Y “ F´1pUq
d
“ X, Yn :“ F´1n pUq

d
“ Xn.

F´1n puq Ñ F´1puq, u P CpF´1q.

Yn
a.s.
ÝÑ Y .

~. Xn
d
Ñ X �|Xn| ďM a.s., @n, KEXn Ñ EX.
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·K4.4.23. Xn
d
Ñ X ô lim

nÑ8
EfpXnq “ EfpXq,@f P BCpRq.

54.4.24. ^RHS ��LHS �½Â.

½n3.8.19 & 3.8.20. ©ÙfÂñ��=�éA�A�¼ê

::Âñ:

µn
w
Ñ µ ô lim

nÑ8
fnptq “ fptq, @t.

CLT: S˚n
d
Ñ Z „ Np0, 1q.

pSn ´ ESnq{
?
n

d
Ñ σZ „ Np0, σ2q, ¹òz�/.

54.3.6. � ~Xp1q, ~Xp2q, ¨ ¨ ¨ ÕáÓ©Ù, Ï"~µ ����Σ þ

�3�k�, Kp~Sn ´ n~µq{
?
n �©ÙÂñu ~X „ Np~0,Σq.
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y² Xn
d
Ñ X ñ lim

nÑ8
EfpXnq “ EfpXq,@f P BCpRq.

|fpxq| ďM . �a ¦�

˘a P CpF q, PpX R Iq, PpXn R Iq ă
ε

5M
, I “ r´a, as.

|EfpXnq ´ EfpXnqItXnPIu|, |EfpXqItXPIu ´ EfpXq| ď ε{5.

�δ ¦�x, y P I, |x´ y| ă δ ñ |fpxq ´ fpyq| ă
ε

5
.

�x1, ¨ ¨ ¨ , xK´1 P I X CpFXq ¦�|xi ´ xi´1| ă δ, @i.

-gpxq :“ fpxiq, xi´1 ă x ď xi; gpxq :“ 0, x R I.

|fpxq ¨ ItxPIu ´ gpxq| ď ε{5, @x.

EfpXnqItXnPIu Ñ EgpXnq Ñ EgpXq Ñ EfpXqItXPIu. �

|EfpXnq ´ EfpXq| ď |EgpXnq ´ EgpXq| ` 2ε{5` 2ε{5.

-nÑ8, 2-εÑ 0.
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y² Xn
d
Ñ X ð lim

nÑ8
EfpXnq “ EfpXq,@f P BCpRq.

@x0 P CpF q,

fεpxq ď Ip´8,x0spxq ď gεpxq.

 

𝑥0 𝑥0 + 𝜀 𝑥0 − 𝜀 EfεpXnq ď Fnpx0q ď EgεpXnq.

-nÑ8.

EfεpXq ď lim inf
nÑ8

Fnpx0q ď lim sup
nÑ8

Fnpx0q ď EgεpXq.

-εÑ 0,

EfεpXq ě F px0´εq Ñ F px0q, EgεpXq ď F px0`εq Ñ F px0q.
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~4.4.25 & 4.4.26. ξ1, ξ2, ¨ ¨ ¨ ��0 ½1.

Xn :“
n
ř

i“1

ξi
2i

a.s.,d
ÝÑ X “

8
ř

i“1

ξi
2i

.

X „ Up0, 1q ��=�

ξi’s ÕáÓ©Ù, „ Bp1,
1

2
q.

�˚˚, „ Bp1, pq, p ‰ 1{2,

KX ´ÛÉ.�.

Wn “
n
ř

i“1

2ξi
3i

a.s.,d
ÝÑ W “

8
ř

i“1

2ξi
3i

.

�˚˚, ˚˚,

KW ÑlCantor©Ù,

´ÛÉ.�.
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~4.4.30. �X1, X2, ¨ ¨ ¨ ÕáÓ©Ù, „ Expp1q.

PMn “ maxtX1, ¨ ¨ ¨ , Xnu, K

Mn

lnn

d,P
ÝÑ 1, Mn ´ lnn

d
Ñ Y .

PpMn ď xq “ PpX1 ď xqn “ p1´ e´xqn.

::::::::::::::
Gpxq “ Op1{nq, =x “ lnn`Op1q, ±¦�RHS k4�.

�x “ α lnn, Ke´x “ n´α. u´

P p‹ ď αq “ p1´
1

nα
qn Ñ

$

&

%

1, α ą 1,

0, α ă 1.

�x “ lnn` y, Ke´x “ e´y{n. u´

P pMn ´ lnn ď yq “

ˆ

1´
e´y

n

˙n

Ñ e´e
´y
“ FY pyq.

¡Y ÑlGumbel ©Ù/­�ê©Ù.
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o!þ�Âñ�²þÂñ

r ą 0. Lr ´�5�m.

Lr :“ tX : E|X|r ă 8u.

½Â4.4.33. �X,Xn P L
r. eE|Xn ´X|

r Ñ 0, K¡Xn �r

�²þÂñ/�Lr Âñ�X, P�Xn
Lr

Ñ X.

r “ 2. �L2 Âñ/þ�Âñ.

Lr ål:

drpX,Y q :“

$

&

%

pE|X ´ Y |rq1{r , r ě 1,

E|X ´ Y |r, 0 ă r ă 1.

k.Âñ½n: eXn
P
Ñ X, |Xn| ďM , a.s., KXn

L1

Ñ EX.
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Xn
Lr

Ñ X ñ Xn
P
Ñ X:

Pp|Xn ´X| ą εq ď E

ˆ

|Xn ´X|

ε

˙r

Ñ 0

~4.4.34. ��Ø,.

~. ‹ �E|Xn|
r Ñ E|X|r ñ ‹.

~. Xn
Lr

Ñ X vs Xn
a.s.
ÝÑ X.

 

r ě 1. }X}r :“ pE|X|rq1{r.

H:older. 1{r ` 1{s “ 1.

|EXY | ď }X}r ¨ }Y }s.
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����-¤V(Lindeberg-Feller)½n

�X1, X2, ¨ ¨ ¨ �pÕá, µn :“ EXn, σ2n :“ VarpXnq þ�3

�k�, �σ2n ą 0. P

B2
n :“ VarpSnq “

n
ÿ

k“1

σ2k.

S˚n “
Sn ´ ESn

Bn
“

n
ř

k“1

Xk ´ µk
Bn

.
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Lindeberg^�: @ε ą 0,

lim
nÑ8

n
ÿ

k“1

EY 2
nkIt|Ynk|ąεu “ 0, Ù¥ Ynk “

Xk ´ µk
Bn

.

Feller^�:

lim
nÑ8

Bn “ 8, lim
nÑ8

σn
Bn

“ 0.

½n4.3.19. ‹¤á��=�‹ÚCLTÓ�¤á.

Liapunov^�: Dδ ą 0 ¦�

lim
nÑ8

1

B2`δ
n

n
ÿ

k“1

E|Xk ´ µk|
2`δ “ 0,

íØ(½n4.3.10). ‹ ¤á, KCLT¤á.

‹ ñ ‹: p “ p2` δq{2, q “ p2` δq{δ,

EY 2
nkIt|Ynk|ąεu ď

´

E
`

Y 2
nk

˘p
¯1{p

`

E
`

It|Ynk|ąεu

˘q˘1{q
ď

`

E|Ynk|
2p
˘1{p

.
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~4.3.17. -σ1 “ 1, σn :“ npσ1 ` ¨ ¨ ¨ ` σn´1q, λk “ 1{σk.

�X1, X2, ¨ ¨ ¨ �pÕá, Xk „ Exppλkq, KCLT Ø¤á.

Feller ^�Ø¤á:

EXk “ σk, VarpXkq “ σ2k; B2
n “

n
ÿ

k“1

σ2k;
σn
Bn

Ñ 1.

ESn
Bn

“
‹ ` σn
Bn

“

ˆ

1`
1

n

˙

¨
σn
Bn

Ñ 1.

Sn´1
Bn

P
Ñ 0: P

ˆ

Sn´1
Bn

ě ε

˙

ď
1

ε
¨

ESn´1
Bn

nÑ8
ÝÑ 0.

Xn

Bn

d
Ñ Y „ Expp1q: ‹ „ Expp

Bn
σn
q

w
Ñ Expp1q.

S˚n
d
Ñ Y ˚ “ Y ´ 1:

S˚n “
Sn ´ ESn

Bn
“
Xn

Bn
`
Sn´1
Bn

´
ESn
Bn

d
Ñ Y ´ 1.
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~4.3.18. �X1, X2, ¨ ¨ ¨ �pÕá, Xk „ P pk´2q, KCLT Ø¤á.

Feller ^�Ø¤á:

B2
n “

n
ÿ

k“1

σ2k Ñ
8
ÿ

k“1

1

k2
ă 8.

Sn „ P pB2
nq

w
Ñ P pCq.

S˚n
d
Ñ S˚8, Ù¥S8 „ P pCq.
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