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§3.1 êÆÏ"�½Â

�!êÆÏ"�¹Â

~3.1.1 (�m²þ). N  Æ), �p©O�i1, ¨ ¨ ¨ , iN .

²þ�p: ī “ pi1 ` ¨ ¨ ¨ ` iN q{N .

�;V.: Ω “ t1, ¨ ¨ ¨ , Nu; X “�p, Xprq “ ir.

©Ù�P�PpX “ xkq “ pk, k “ 1, ¨ ¨ ¨K.

�TkNk �ÓÆ�p�xk, Kpk “ Nk{N .

i1 ` ¨ ¨ ¨ ` iN “ N1x1 ` ¨ ¨ ¨ `NKxK , �

ī “ p1x1 ` ¨ ¨ ¨ ` pKxK .

RHS: ¤k�U��\�²þ�.
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~3.1.2 (�m²þ).

�£Ä�n g, �X �*ÿ�a1, ¨ ¨ ¨ , an Ú�m²þ�ā.

�Ù¥Tknk ��xk, K

i1 ` ¨ ¨ ¨ ` iN “ n1x1 ` ¨ ¨ ¨ ` nKxK .

-nÑ8. nk{nÑ pk. �

ā « p1x1 ` ¨ ¨ ¨ ` pKxK .
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�!lÑ.�ÅCþ�êÆÏ"

1. �K�/

©Ù�: PpX “ xkq “ pk, k P I.

EX :“
ř

kPI

pkxk, û½.

¡�X �Ï", ½L pXq �Ï".

~3.1.3. X „ Bp1, pq,

EX “ 1 ¨ p` 0 ¨ p1´ pq “ p.

AO/, EIA “ PpAq.
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~3.1.4. X „ Bpn, pq, EX “ np.

bpn, p; kq “ Cknp
kp1´ pqn´k.

k¨
n!

k!pn´ kq!
pkp1´pqn´k “ np¨

pn´ 1q!

pk ´ 1q!pn´ kq!
pk´1p1´pqn´k.

::::::::::::::::::::::::::::::::::
k ¨ bpn, p; kq “ np ¨ bpn´ 1, p; k ´ 1q.

Pk1 “ k ´ 1, K

EX “

n
ÿ

k“1

k ¨ bpn, p; kq “ np
n´1
ÿ

k1“0

bpn´ 1, p; k1q “ np.

aq/, �AÛ©ÙHpN,M,nq �Ï"�n
M

N
(~3.1.5);

Ñt©ÙP pλq �Ï"�λ (~3.1.6).

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



·K3.1.7. �X ��K�ê, K

EX “

8
ÿ

n“1

PpX ě nq “
8
ÿ

n“0

PpX ą nq.

EX “ p1`pp2`p2q`pp3`p3`p3q`pp4`p4`p4`p4q`¨ ¨ ¨ ,

EX “

8
ÿ

k“1

kpk “
8
ÿ

k“1

k
ÿ

n“1

pk “
8
ÿ

n“1

8
ÿ

k“n

pk.

��/, eX ��K/�:.0: ��δZ`, K

EX “ δ
8
ÿ

m“1

PpX ě mδq “ δ
8
ÿ

n“0

PpX ą nδq.

~3.1.8. X „ Gppq, EX “
8
ř

n“0
qn “

1

p
.
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2. ���/

eü�?êx˘ :“
ř

kPI

x˘k pk ¥��k��Âñ,

K?ê
ř

kPI

xkpk û½, �§�ux` ´ x´.

d�¡d?ê�X (½L pXq) �Ï".

~3.1.11. EX˘ “ x˘, E|X| “ x` ` x´.

ex` “ x´ “ 8, K?êØ´û½�. d�¡X (½L pXq)

�Ï"Ø�3.
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n!ëY.�ÅCþ�êÆÏ"

�X ��Ý¼ê�ppxq. P

x` :“

ż 8

0
x ¨ ppxqdx “ lim

MÑ8

ż M

0
x ¨ ppxqdx,

x´ :“

ż 0

´8

|x| ¨ ppxqdx “ lim
MÑ8

ż 0

´M
|x| ¨ ppxqdx.

�x` �x´ ØÓ��Ã¡�,

EX :“

ż 8

´8

x ¨ ppxqdx “ lim
M,NÑ8

ż N

´M
x ¨ ppxqdx “ x` ´ x´.

´û½�, ¡�X �Ï".

ex` “ x´ “ 8, ¡X (½L pXq) �Ï"Ø�3.
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~3.1.12. Upa, bq.

x`, x´ ă 8, �EX �3.

EX “

ż b

a

x ¨
1

b´ a
dx “

pb2 ´ a2q{2

b´ a
“
a` b

2
.

~3.1.13. Np0, 1q.

x`, x´ ă 8, �EX �3.

x` “ x´, �EX “ 0.

o(1: |X| ďM a.s., KEX �3�|EX| ďM .

o(2: pXpxq 'uµ é¡, �EX �3, KEX “ µ.

~3.1.14. Cp0, 1q, ppxq “
1

πp1` x2q
.

x` “ x´ “ 8, �EX Ø�3.
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·K3.1.15. �X �ëY.�ÅCþ, ��K¢ê, K

EX “

ż 8

0
x ¨ ppxqdx

:::::::::::::::::::

“

ż 8

0
PpX ą xqdx

∆
“ c.

eEX “ c “ 8, KX.

 y: eEX ă 8 ½c ă 8, Ka ¨Gpaq
aÑ8
ÝÑ 0.

u´deª�íÑEX “ c:
ż a

0
x ¨ pXpxqdx “ ´a ¨Gpaq `

ż a

0
Gpxqdx.

a ¨Gpaq “ a ¨

ż 8

a
ppxqdx ď

ż 8

a
x ¨ ppxqdx

aÑ8
ÝÑ 0.

a ¨Gpaq “ 2

ż a

a{2
Gpaqdx ď 2

ż a

a{2
Gpxqdx

aÑ8
ÝÑ 0.

~3.1.16. Exppλq. EX “

ż 8

0
e´λxdx “

1

λ
.
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o!êÆÏ"���½Â

1. �K�ÅCþ�êÆÏ"

�½δ ą 0. X P
`

pk ´ 1qδ, kδs �, -X̃δ “ kδ.

|X ´ X̃δ| ď δ, �|EX ´ EX̃δ| ď δ.

 

‹ “
8
ř

k“0

pk ` 1qδ ¨ Ppkδ ă X̃δ ď pk ` 1qδq

“ δ `
8
ř

k“0

xk ¨∆F pxkq «

ż 8

0
xdF pxq.

‹ “ δ
8
ř

n“0
P
´

X̃δ ą nδ
¯

« δ
8
ř

n“1
PpX ą nδq «

ż 8

0
Gpxqdx.
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EX :“

ż 8

0
xdF pxq, ¡�X (½L pXq �Ï").

·K3.1.17 & 53.1.18.

EX “

ż 8

0
PpX ą xqdx “

ż 8

0
PpX ě xqdx.

íØ3.1.19.

EX ă 8 ô

8
ÿ

n“0

PpX ą nδq ă 8,@δ ą 0 ô D δ ą 0¦� ‹ ă 8.

ż 8

0

PpX ą xqdx “
8
ÿ

n“0

ż pn`1qδ

nδ

PpX ą xqdx .

PpX ą pn` 1qδq ď ‹ ď PpX ą nδq.

‹δ ´ δ ď
8
ř

n“0
‹ ď ‹δ.

AO/, EX ă 8 ��=�
8
ř

n“0
PpX ą nq ă 8.
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2. ���ÅCþ�êÆÏ"

�EX` �EX´ ØÓ��Ã¡�, EX :“

ż 8

8

xdF pxq û½,

¡�X (½L pXq �Ï").

½Â�lÑ.!ëY.���.

­%:
 

E ~X “ pEX1, ¨ ¨ ¨ ,EXnq.
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O�úª:

EX` “

ż 8

0
PpX` ą xqdx “

ż 8

0
PpX ą xqdx,

EX´ “

ż 8

0
PpX´ ě xqdx “

ż 8

0
PpX ď ´xqdx.

EX “ EX` ´ EX´ “

ż 8

0
Gpxqdx´

ż 0

´8

F pxqdx.

~3.1.21. E|X| “

ż 8

0
Pp|X| ą xqdx “ EX` ` EX´.

íØ3.1.22. |X| ďM a.s., KE|X| ďM .
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Ê!�ÅCþ¼ê�êÆÏ"

lÑ.(�Å�þaq): EfpXq “
ř

kPI

fpxkqpk.

~3.1.24. X „ P pλq. EXpX ´ 1q ¨ ¨ ¨ pX ´ r ` 1q “ λr.

fpkq “ 0, k “ 0, 1, ¨ ¨ ¨ , r ´ 1;

fpkqpk “
λk

pk ´ rq!
e´λ “ λr ¨ pk´r, k ě r

ñ EfpXq “
8
ÿ

k“r

fpkqpk “ λr
8
ÿ

k“r

pk´r “ λr.

~3.1.25. X „ Bpn, pq, aq.

~3.1.10 (�;V.). Ω “ t1, 2, ¨ ¨ ¨ , nu, K

EX “
1

n
pXp1q ` ¨ ¨ ¨ `Xpnqq.

-Y : Ω Ñ R, i ÞÑ i; fpiq :“ Xpiq, KX “ fpY q : iÑ Xpiq.
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ëY.(�Å�þaq):

EfpXq “

ż 8

´8

fpxq ¨ pXpxqdx.

·K3.1.26. f ě 0 �î�Õ, Kþª¤á.

y: EfpXq “

ż 8

0
PpfpXq ą yqdy:

“

ż 8

0
P
`

X ą f´1pyq
˘

dy “

ż 8

0

ż 8

f´1pyq
pXpxqdxdy

“

ż 8

´8

ż fpxq

0
pXpxqdydx “

ż 8

´8

fpxq ¨ pXpxqdx.

½ö, k¦fpXq ��Ý, 2¦Ï".

k �Ý: EXk; k �¥%Ý: EpX ´ EXqk.
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~3.1.29. �r ą s ą 0. eE|X|r ă 8, KE|X|s ă 8.

�x ě 1 �, x1{r ă x1{s. Ïd

Pp|X| ą x1{sq ď Pp|X| ą x1{rq.

u´

E|X|s “

ż 1

0
Pp|X| ą x1{sqdx`

ż 8

1
Pp|X| ą x1{sqdx

ď 1`

ż 8

1
Pp|X| ą x1{rqdx ď 1` E|X|r.

AO/, q�s ě 1, KpE|X|sq1{s ď pE|X|rq1{r.
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~3.1.30. @r ą 0 Úa ą 0,

E|X|r¨It|X|ďau “

ż a

0
rxr´1Ppx ă |X| ď aqdx ď

ż a

0
rxr´1Pp|X| ą xqdx.

Y ě 0 a.s., K

EY ¨ IA “

ż 8

0
PpY ¨ IA ą yqdy “

ż 8

0
PpAX tY ą yuqdy.

t|X| ď a, |X|r ą yu “ ty1{r ă |X| ď au.

Px “ y1{r. x ą a �±þ8Ü��8, �(Ø¤á.
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§3.2 êÆÏ"�5�

�!êÆÏ"��55�

·K3.2.1. EX �3, KEpaXq �3�

EpaXq “ aEX.

·K3.2.2. �EX ÚEY Ñ�3, eØ´˘8 �/,

KEpX ` Y q �3�

EpX ` Y q “ EX ` EY.

d8B{,

EpX1 ` ¨ ¨ ¨ `Xnq “ EX1 ` ¨ ¨ ¨ ` EXn.
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1. �Åê8�êÆÏ"

X “ X1 ` ¨ ¨ ¨ `Xn, Ù¥Xi “ IAi , K

EX “ PpA1q ` ¨ ¨ ¨ ` PpAnq.

~3.2.3. X „ Bpn, pq ½X „ HpN,M,nq, K

EX “ np, p “M{N.

~3.2.4. n VØÓôÚ�
, �Å��¤õX V, KEX “ 1.

~2.5.6(�ê½Æ). EX “ p1 ` ¨ ¨ ¨ ` pn “ λ.
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2. äké¡5��.

~3.2.6. �U1, ¨ ¨ ¨ , Un Õá, „ Up0, 1q, KEUpiq “
i

n` 1
.

PXi “ Upiq ´ Upi´1q, (Up0q “ 0, Upn`1q “ 1).

X1, ¨ ¨ ¨ , Xn`1 ::::::
���, �EXi ” c.

X1 ` ¨ ¨ ¨ `Xn`1 ” 1, �c “ 1{pn` 1q.

~3.2.7. �X1, ¨ ¨ ¨ , Xn ÕáÓ©Ù, �X1 ą 0 a.s., K

E
X1 ` ¨ ¨ ¨ `Xk

X1 ` ¨ ¨ ¨ `Xn
“
k

n
, 1 ď k ď n.

PYi “
Xi

X1 ` ¨ ¨ ¨ `Xn
.

X1, ¨ ¨ ¨ , Xn ::::::
���, �Y1, ¨ ¨ ¨ , Yn ::::::

���, �EYi ” 1{n.
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~2.6.4 & 3.2.8. R3 �ü ¥¡S þ, Ppo:Ø��¥q “ 1{8.

�ξi’s i.i.d., „ UpSq. A “ tξ4 P 4´ξ1,´ξ2,´ξ3u. PpAq “ E4.

Õá/�ÕáÓ©Ù�W1,W2,W3, ��U�˘1.

ηi “Wiξi, K�âé¡5E4 “ 1{8.

B “/η1, η2, η3, ξ4Ø��¥0“ tξ4 P 4´η1,´η2,´η3u.

@α1, α2, α3, PpB|ξ1 “ α1, ξ2 “ α2, ξ3 “ α3, ξ4 “ α4q ” 1{8.

�PpBq “ 1{8. (B �ξi’s Õá.)
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�!êÆÏ"�Ù¦5�

·K3.2.11. eX �Y �pÕá�§��Ï"Ñ�3�k�,

KEpXY q �3�

EpXY q “ pEXqpEY q.

ëY.:

EXY “

ĳ

R2

xypXpxqpY pyqdxdy
:::::::::::::::

“

ż 8

´8

xpXpxqdx

ż 8

´8

ypY pyqdy.

���/: µX,Y pB ˆDq
::::::::::::

“ µXpBqµY pDq,

EXY “

ĳ

R2

xydµXdµY “

ż 8

´8

idXdµX

ż 8

´8

idY dµY .
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·K3.2.13. �EX �EY Ñ�3�k�.

eX ě Y a.s., KEX ě EY .

eX, Y Ñ�K, K

EY “

ż 8

0
PpY ą xqdx ď

ż 8

0
PpX ą xqdx “ EX.

���/, X` ě Y `, X´ ď Y ´, �

EX “ EX` ´ EX´ ě EY ` ´ EY ´ “ EY.
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½n3.2.14 (Markov Ø�ª). �X ě 0 a.s. (�EX ă 8), K

PpX ě εq ď
EX

ε
, @ε ą 0.

PA “ tX ě εu. 8I: PpAq �þ�O.

PpAq “ EIA.

éY ě IA, ÷v

Y ě 0; Y |A ě 1.

u´PpAq “ EIA ď EY .

�Y “ X{ε =�.

~. ���/,

PpX ě Cq “ PpeapX´Cq ě 1q ď EeapX´Cq, @a ą 0.
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íØ3.2.15. �E|X ´ EX|r �3(�k�), Ù¥r ą 0, K

Pp|X ´ EX| ě εq ď
E|X ´ EX|r

εr
, @ε ą 0.

�Y “ |X ´ EX|r{εr =�.

AO/, r “ 2 �¡�Chebyshev Ø�ª.

íØ3.2.16. eE|X| “ 0, KPpX “ 0q “ 1.

Pp|X| ą 1{nq ď n ¨ E|X| “ 0.

Pp|X| ą 0q “Ó lim
nÑ8

Pp|X| ą 1{nq “ 0.

·K3.2.17 (Jensen Ø�ª). �X ´�ÅCþ, EX �3�

k�, fp¨q ´à¼ê�EfpXq �3�k�,

KfpEXq ď EfpXq. (5: �Å�þaq.)
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n!êÆÏ"��©Ù¼ê�Âñ5

·K3.2.18. �X ě 0 a.s. �EX ă 8, K�xÑ8 �,

xPpX ą xq Ñ 0, EX ¨ ItXąxu Ñ 0.

xGpxq Ñ 0:

xGpxq “ 2

ż x

x{2
Gpxqdy ď 2

ż x

x{2
Gpyqdy ď 2

ż 8

x{2
Gpyqdy Ñ 0.

EX ¨ ItXąxu Ñ 0:

EX ¨ ItXąxu “

ż 8

0
PpX ą x,X ą yqdy

“

ż x

0
PpX ą xqdy `

ż 8

x
PpX ą yqdy Ñ 0.
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·K3.2.19. �EX �3, K�xÑ8 �,

EX ¨ It|X|ďxu Ñ EX.

`

X ¨ It|X|ďxu
˘´
“ X´ ¨ It|X|ďxu. �E‹ “ E‹‹ ď EX´.

@y ą 0, t‹ ą yu “ tX´ ą y
:::::::

, |X| ď xu “ t´X ą y
:::::::

, |X| ď xu.

E‹‹ “

ż 8

0
Ppy ă ´X ď xqdy ě

ż M

0
Ppy ă ´X ď xqdy

“

ż M

0
Pp´X ą yqdy ´M ¨ Pp´X ą xq

xÑ8
ÝÑ

ż M

0
PpX´ ą yqdy

MÑ8
ÝÑ EX´.

lim inf
xÑ8

E‹ ě EX´, l
E‹
xÑ8
ÝÑ EX´.

aq/, lim
xÑ8

E
`

X ¨ It|X|ďxu
˘` xÑ8
ÝÑ EX`. �(Ø¤á.
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§3.3 ^�Ï"

�!3¯�A u)�^�e�êÆÏ"

�PpAq ą 0. ^PAp¨q �OPp¨q O�Ï".

�K�/: Y ě 0 a.s.,

EAY “

ż 8

0
PApY ą yqdy “

ż 8

0

PptY ą yu XAq

PpAq
dy

“
1

PpAq

ż 8

0
PpY ¨ IA ą yqdy “

EpY ¨ IAq

PpAq
.

���/: eEpY ` ¨ IAq �EpY ´ ¨ IAq ØÓ�uÑ, K

EAY “ EAY
`´EAY

´ “
EpY ` ¨ IAq ´ EpY ´ ¨ IAq

PpAq
“

EpY ¨ IAq

PpAq
.

EY �3/k�ñ EAY �3/k�.

Y 3A ¥�\�oÚ�\�²þ�: PpAq ¨ ‹ “ ‹.

·K3.3.1. �Y �A Õá, KEAY “ EY .
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�!lÑ.

¡ϕpXq �Y 'uX �^�Ï", P� EpY |Xq , Ù¥

ϕpxiq :“ EpY |X “ xiq “
ÿ

jPJ

yjPpY “ yj |X “ xiq, @i P I.

·K3.3.2. (1) Epc|Xq “ c; (2) EpX|Xq “ X;

(3) eX, Y Õá, KEpY |Xq “ EY .

·K3.3.3. (1) E
`

Y ` Z|X
˘

“ EpY |Xq ` EpZ|Xq.

(2) E
`

fpXq ¨ Y |X
˘

“ fpXq ¨ EpY |Xq.

y(2): ψpxiq “ EpW |Aiq “ Epfpxiq ¨ Y |Aiq

“ fpxiqEpY |Aiq “ fpxiqϕpxiq.

5: �Å�þaq.
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·K3.3.4 (­Ï"úª). �EY �3�k�, KEY “ EEpY |Xq.

ϕpxiq “ EpY |X “ xiq,

PpX “ xiqϕpxiq “ EpY ¨ ItX“xiuq.

EϕpXq “
ř

iPI

PpX “ xiqϕpxiq “
ř

iPI

EpY ¨ ItX“xiuq “ EY .

±e?êýéÂñ:

EϕpXq “
ÿ

i

ϕpxiqPpX “ xiq

“
ÿ

i

ÿ

j

yjPpX “ xi, Y “ yjq “ EY.
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~3.3.5 (Polya �f). Xn ÚYn: n g��ç¥êÚç¥'~.

¦EpYn`1|Ynq ÚEYn`1.

Xn, Yn ��U�: xi “ b` ic, yi “
xi

b` r ` nc
, i “ 0, ¨ ¨ ¨ , n.

Xn`1 “ Xn` c ¨ IBn`1 , Ù¥Bn`1 “/1n`1g¹�ç¥0.

PpBn`1|Yn “ yiq “ yi, �

PpBn`1|Ynq :“ EpIBn`1 |Ynq “ Yn.

l
EpXn`1|Yn “ yiq “ xi ` c ¨ yi “ yipb` r ` pn` 1qcq.

EpYn`1|Yn “ yiq “ yi, �

EpYn`1|Ynq “ Yn.

EYn`1 “ EYn “ ¨ ¨ ¨ “
b

b` r
, PpBn`1q “ EYn “

b

b` r
.
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·K3.3.7. �Y1, Y2, ¨ ¨ ¨ ÕáÓ©Ù; X ��Õá, ��uZ`; Ï

"þ�3�k�. - Z “ Y1 ` ¨ ¨ ¨ ` YX , KEZ “ pEXqpEY1q.

PSn “ Y1 ` ¨ ¨ ¨ ` Yn, K

L pZ|X “ nq “ L pSn|X “ nq.

ϕpnq “ EpZ|X “ nq “ EpSn|X “ nq “ ESn “ n ¨ µY .

EpZ|Xq “ ϕpXq “ X ¨ µY .

EZ “ EEpZ|Xq “ EpX ¨ µY q “ µX ¨ µY .
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~3.3.6 (Bernoulli Á�). Tk: Äg::::::::::
ëY¤õk

:::
g���. ¦ETk.

Ptk “ ETk. k¦EpTk`1|Tkq.

�{�!eAk,n “ tTk “ nu u), K

Tk`1 “ n` 1` T
pn`1q
k ¨ Itξn`1“0u,

Ù¥T
pn`1q
k “ 1n` 2 gå

::::::::::
ëY¤õk

:::
g¤I�Á�gê.

EpTk`1|Tk “ nq “ n` 1` p1´ pqtk`1.

EpTk`1|Tkq “ Tk`1`p1´pqtk`1 ñ tk`1 “ tk`1`p1´pqtk`1.

�{�!T1,k “ Tk, T2,k, ¨ ¨ ¨ i.i.d., X ��Õá, X „ Gppq,

Tk`1 “ pT1,k ` 1q ` ¨ ¨ ¨ ` pTX,k ` 1q .

tk`1 “ ptk ` 1q ¨
1

p
. dt1 “

1

p
)�tk “

1´ pk

pkp1´ pq
.
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n!ëY.

¡ϕpXq �Y 'uX �^�Ï", P�EpY |Xq, Ù¥

ϕpxq :“

ż 8

´8

ypY |Xpy|xqdy.

���/: ϕpxq �L pY |X “ xq �Ï", EpY |Xq :“ ϕpXq.

5: �Å�þaq, 5�Ñ�lÑ.aq.
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~3.1.9 & 3.3.8. �U1, U2, ¨ ¨ ¨ ÕáÓ©Ù, „ Up0, 1q. ¦EX.

X “ inftn ě 1 : Sn ą 1u, Sn “ U1 ` ¨ ¨ ¨ ` Un.

�{�!X ���ê�X ě 2. Gp1q “ 1; én ě 2,

Gpnq “ PpSn ď 1q “

ż

0ăs1ă¨¨¨ăsnă1
1 ds1 ¨ ¨ ¨ dsn “

1

n!
.

Ù¥, dsn ă 1 �íÑsr ´ sr´1 ă 1, r “ 1, ¨ ¨ ¨ , n.

EX “
8
ř

n“0
Gpnq “ 1`

8
ř

n“1

1

n!
“ e.

aq/, PXa “ inftn ě 1 : Sn ą au, a ď 1.

Gapnq “ PpXa ą nq “ PpSn ď aq “
an

n!
.

EXa “ 1`
8
ř

n“1

an

n!
“ ea.
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~3.1.9 & 3.3.8(Y). PXa :“ inftn ě 1 : Sn ą au.

�{�!PpU1 ` U2 ą 1q ą 0, �EX ă 8.

Xa “ 1` ItU1ďau ¨ X̂a´U1 , Ù¥

X̂b “ inftn ě 1 : U2 ` ¨ ¨ ¨ ` Un`1 ą bu.

Ep‹‹|U1q “ ItU1ďau ¨ fpa´ U1q
:::::::::::::::::

:

ϕpxq “ Ep‹‹|U1 “ xq “ Itxďau¨EpX̂a´x|U1 “ xq “ Itxďau¨fpa´xq.

fpaq : EXa “ 1` E‹‹, Ù¥

E‹‹ “ E‹ ¨ ‹
:::

“

ż a

0
fpa´ xqdx “

ż a

0
fpyqdy.

f 1paq “ fpaq ñ fpaq “ Cea. dfp0`q “ 1 ñ C “ 1.
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§3.4 ��

�!���½Â

½Â3.4.1. �E|X| ă 8.

¡EpX ´ EXq2 �X ���, P�VarpXq ½DpXq.

¡
a

VarpXq �X �IO�, P�σX .

L pXq ���/IO�, O�úª: (Pµ “ EX),

pX ´ µq2 “ X2 ´ 2µ ¨X ` µ2 ñ VarpXq “ EX2 ´ µ2

:::::::::::::::::::
.

EX2 ă 8 ñ E|X| ă 8. �E|X| ă 8, K

EX2 ă 8 ô VarpXq ă 8, (��k�),

EX2 “ 8 ô VarpXq “ 8, (��uÑ).

~3.4.2. X „ Bp1, pq, Xk “ X, VarpXq “ p´ p2 “ pq.
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�!�5C����

·K3.4.8. VarpaX ` bq “ Ea2pX ´ aEXq2 “ a2VarpXq.

~3.4.9. X „ Npµ, σ2q, VarpXq “ σ2.

Z :“ X˚ “ pX ´ µq{σ „ Np0, 1q, X “ µ` σZ.

VarpZq “ EZ2 “ 1:

2
?

2π

ż 8

0

x2e´
x2

2 dx “ ´
2
?

2π

ż 8

0

xde´
x2

2 “
2
?

2π

ż 8

0

e´
x2

2 dx “ 1.

¡

X˚ “
X ´ µ

σ

�X �IOz.
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n!Ø�ª

½n3.4.14 (Chebyshev Ø�ª). EX “ µ, VarpXq “ σ2, K

Pp|X ´ µ| ě εq ď
σ2

ε2
, @ε ą 0.

~3.4.16. �EX “ 0, VarpXq “ σ2, K

PpX ě εq ď
σ2

σ2 ` ε2
, @ε ą 0.

íØ3.4.15. eVarpXq “ 0, KX òz.

���x�­�©Ñ§Ý:

Pp|X ´ µ| ě kσq ď
1

k2
, @k ą 0.

µ " σ (=µ2 " σ2)�, X « µ:

Pp|
X

µ
´ 1| ě aq ď

1

a2
¨
σ2

µ2
, @a ą 0.
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�Åã:

~3.2.5 & 3.4.13 & 3.6.4. ��ãKn ¥�z^>, Õá/±VÇp

�3, ±VÇ1´ p íØ. ���Å(f)ãGpn, pq.

PX “ Gpn, pq ¥�n�/4 �ê8, K

X “ IA1 ` ¨ ¨ ¨ ` IA
C3
n
,

Ù¥, Ai “/4i 3Gpn, pq ¥0.

O�Ï": PpAiq “ p3, EX “ C3
np

3.
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�Åã(Y).

O���: X “ IA1 ` ¨ ¨ ¨ ` IA
C3
n
“

C3
n
ř

i“1
IAi ,

EpX2q ´ pEXq2 “ E

˜

ÿ

i,j

IAiIAj

¸

´
ÿ

i,j

pEIAiqpEIAj q,

VarpXq “
ř

i
σ2
i `

ř

i‰j
σij , Ù¥

σ2
i “ PpAiq ´ PpAiq

2, σij “ PpAiAjq ´ PpAiqPpAjq.

VarpXq “ C3
n

˜

σ2
1 `

C3
n
ř

j“2
σ1j

¸

. (·K3.4.11)

σ2
1 “ p3p1´ p3q. e¡ïÄ

C3
n
ř

j“2
σ1j .
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�Åã(Y).

3pn´ 3q �4j �41 k�^�Ó�>, σ1j “ p5 ´ p6.

0 �4j �4i kü^½n^�Ó�>,

Ù¦4j �4i Ã�Ó�>, σ1j “ 0.

nþ,
C3

n
ř

j“2
σ1j “ 3pn´ 3qp5p1´ pq.

Ïd

VarpXq “ C3
np

3p1´ p3q ` C3
n3pn´ 3qp5p1´ pq.
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�Åã(Y).

µ :“ EX “ C3
np

3,

σ2 :“ VarpXq “ C3
np

3p1´ p3q ` C3
n3pn´ 3qp5p1´ pq.

-nÑ8, pÑ 0.

µ2 “ Oppnpq6q, σ2 “ Oppnpq3q ` oppnpq4q.

enpÑ 0, K

P
`

�34
˘

“ PpX ě 1q ď EX ď
1

6
pnpq3 Ñ 0.

enpÑ8, K

P
`

Ø�34
˘

“ PpX “ 0q ď Pp|X ´ µ| ě µq ď
σ2

µ2
Ñ 0.
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§3.5 ���Ú�'Xê

���:

�EX2 ă 8,EY 2 ă 8.

|XY | ď pX2 ` Y 2q{2 ñ E|XY | ă 8.

½Â3.5.5. ¡
::::::::::::::::::::
EpX ´ EXqpY ´ EY q �X,Y ����,

P�CovpX,Y q, ½σX,Y , ½σXY .

O�úª: CovpX,Y q “ EpXY q ´ pEXqpEY q.

Ú���: VarpX ` Y q “ VarpXq `VarpY q ` 2CovpX,Y q.

e‹‹
::
“pě,ďq0, K¡X �Y Ø(�, K)�'.

·K3.5.6. �X1, ¨ ¨ ¨ , Xn üüØ�', K

VarpX1 ` ¨ ¨ ¨ `Xnq “ VarpX1q ` ¨ ¨ ¨ `VarpXnq.
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Ú���vs���:

~3.4.7 & 3.5.13. �U1, ¨ ¨ ¨ , Un ÕáÓ©Ù, „ Up0, 1q.

PXi “ Upiq ´ Upi´1q. ¦CovpXi, Xjq.

EX1 “
1

n` 1
, VarpX1q “

n

pn` 1q2pn` 2q
∆
“ σ2:

EX2
1 “

ż 1

0
PpX2

1 ą yqdy “

ż 1

0
PpU1 ą xqndx2 “

ż 1

0
p1´xqn2xdx.

d
:::::::::
���5, VarpXiq “ σ2; @i ‰ j, CovpXi, Xjq

∆
“ c.

X1 ` ¨ ¨ ¨ `Xn`1 ” 1, �Varp‹q “ 0.

Varp‹q “ pn` 1qσ2 ` npn` 1qc. �c “ ´
1

n
σ2.

?�Ú, Upiq “ X1 ` ¨ ¨ ¨ `Xi, �

EUpiq “ i{pn` 1q, VarpUpiqq “ iσ2 ` ipi´ 1qc.
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Ø�'vsÕá:

·K3.5.7. X, Y �pÕá, KX, Y Ø�'.

/Ø�'œ Õá0: ~3.5.8. X „ Np0, 1q.

CovpX,X2q “ EX3 ´ pEXqpEX2q “ 0.

L pX2|X “ xq ´òz�, L pX|X2 “ aq ´ü:©Ù(a ą 0).

/Ø�'ô Õá0�A~1: ~3.5.9. X “ IA, Y “ IB.

X, Y Ø�'ô EIAIB “ pEIAqpEIBq

ô PpABq “ PpAqPpBq ô A,B Õáô X,Y Õá.

~3.5.10. eX, Y ��'(=PpABq ě PpAqPpBq),

K¡A �B ��'. (5: K�'aq, ~3.5.11, Ø�£Ä�.)

/Ø�'ô Õá0�A~2: �����ü�>�.
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��':

~3.5.14. �f , g k.!Õ. y²: @X, fpXq �gpXq ��'.

EfpXq2, EgpXq2 ă 8.

��X ÕáÓ©Ù��ÅCþY , K

Z :“ pfpXq ´ fpY qqpgpXq ´ gpY qq ě 0. �EZ ě 0.

EZ “ 2CovpfpXq, gpXqq:

EZ “ E
`

fpXqgpXq ` fpY qgpY q ´ fpXqgpY q ´ fpY qgpXq
˘

“ EfpXqgpXq ` EfpY qgpY q ´ EfpXqgpY q ´ EfpY qgpXq

“ 2EfpXqgpXq ´ 2pEfpXqqpEgpXqq.

FKG Ø�ª. �X1, ¨ ¨ ¨ , Xn Õá; f, g : Rn Ñ Rn, /Õ0,

�fpX1, ¨ ¨ ¨ , Xnq, gpX1, ¨ ¨ ¨ , Xnq P L
2, K‹ �‹ ��'.
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���Ý
:

~X “ pX1, ¨ ¨ ¨ , Xnq ����Ý
:

Σ “ pσijqnˆn, σij “ CovpXi, Xjq.

·K3.5.16. Σ ��½. Σ �½��=�

a0`a1X1`¨ ¨ ¨ anXn “ 0 a.s. ñ a0 “ a1 “ ¨ ¨ ¨ “ an “ 0.

Σ é¡. Σ ��½:

~aTΣ~a “

n
ÿ

i,j“1

aiσijaj “
n
ÿ

i,j“1

aiajEpXi ´ EXiqpXj ´ EXjq

“ E

˜

n
ÿ

i“1

aipXi ´ EXiq

¸2

ě 0.

Σ �½�:
n
ÿ

i“1

aipXi ´ EXiq “ 0 a.s. ñ a1 “ ¨ ¨ ¨ “ an “ 0.

a0 :“ ´a1EX1 ´ ¨ ¨ ¨ ´ anEXn.
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�'Xê:

½Â3.5.17. �0 ă VarpXq ă 8, 0 ă VarpY q ă 8. ¡

CovpX,Y q
a

VarpXqVarpY q

�X �Y ��'Xê, P�ρXY .

Ø�': ρX,Y “ 0.

ρXY “ ρX˚Y “ ρXY ˚ “ ρX˚Y ˚ :

ρXY “
EpX ´ EXqpY ´ EY q
a

VarpXq
a

VarpY q
“ EX˚Y ˚.
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~3.5.19. �pX,Y q „ Npµ1, µ2;σ2
1, σ

2
2; ρq, KρXY “ ρ.

u “
x´ µ1

σ1
, v “

y ´ µ2

σ2
, C “

1

2πσ1σ2

a

1´ ρ2
,

ppx, yq “ C exp

"

´
u2 ´ 2ρuv ` v2

2p1´ ρ2q

*

“ C exp

"

´
pv ´ ρuq2

2p1´ ρ2q
´
u2

2

*

.

ρXY “ ρ: X˚ “
X ´ µ1

σ1
, Y ˚ “

Y ´ µ2

σ2
,

EX˚Y ˚ “

ĳ

R2

uv ¨ C exp

"

´
pv ´ ρuq2

2p1´ ρ2q
´
u2

2

*

σ1σ2dudv
:::::::::

“ Cσ1σ2

ż 8

´8

u exp

"

´
u2

2

*ˆ
ż 8

´8

v expt´
pv ´ ρuq2

2p1´ ρ2q
udv

˙

du

“ Cσ1σ2

ż 8

´8

u exp

"

´
u2

2

*

´

a

2πp1´ ρ2qρu
¯

du.

“ Cσ1σ2

a

2πp1´ ρ2qρ
?

2π “ ρ.
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~3.5.20. �EX,Y „ Np0, 1q, Ø�'(EXY “ 0), �ØÕá.

éØð�0 �f ¦�

ppx, yq “ φpxqφpyq ` fpxqfpyq, Ù¥ φpxq “
1
?

2π
e´x

2{2.

I÷vppx, yq ě 0. �¦|fpxq| ď φpxq =�.

I÷v

ĳ

R2

ppx, yqdxdy “ 0, ��¦

ż 8

´8

fpxqdx “ 0.

�¦f �Û¼ê =�. d�,

EXY “ 0, �¦

ż 8

´8

xfpxqdx “ 0. xfpxq �ó¼ê,

�¦

ż 8

0
xfpxqdx “ 0 =�.

ØÕá.
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Cauchy-SchwarzØ�ª�H:older Ø�ª:

Ún3.5.1. �EX2 ă 8,EY 2 ă 8, KpEXY q2 ď pEX2q ¨ pEY 2q.

�Ò¤áô �3~êc ¦�Y “ cX a.s. ½X “ cY a.s..

e�EX2 ą 0.

fptq :“ EptX ´ Y q2 “ pEX2q ¨ t2 ´ 2pEXY q ¨ t` EY 2.

���:P�c, K

c “
EXY

EX2
, fpcq “

pEX2q ¨ pEY 2q ´ pEXY q2

EX2
.

fpcq ě 0, �‹‹. �Ò¤áô fpcq “ 0 ô Y “ cX a.s..

·K3.5.4. �p, qą 1 �1{p` 1{q “ 1, K

|EXY | ď pE|X|pq
1
p pE|Y |qq

1
q .
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|ρXY | ď 1.

��': ρX,Y ě 0; K�': ρX,Y ď 0.

����': ρX,Y “ 1, Y ˚ “ X˚; ��K�':

ρX,Y “ ´1, Y ˚ “ ´X˚.

~3.5.18. U „ Up0, 2πq, X “ cosU , Y “ cospU ` aq.

Y “ cos Û
d
“ X, Û „ Up0, 2πq.

Ï"!��: EX “ 0, EX2 “ 1
2 .

EX2 “
1

2π

ż 2π

0

cos2 udu “
1

2
.

���!�'Xê. ρXY “ cos a:

CovpX,Y q “ EXY “
1

2π

ż 2π

0

cosu cospu` aqdu “
1

2
cos a.

a “ 0: Y “ X, ρXY “ 1, ����'.

a “ π: Y “ ´X, ρXY “ ´1, ��K�'.

a “
π

2
½

3π

2
: ρXY “ 0, Ø�', �´ØÕá.
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AÛ¹Â:

~3.5.24 (�;V.). Ω “ t1, 2, ¨ ¨ ¨ , nu.

¤k�ÅCþ“ Rn:

ϕ : X : Ω Ñ R ÞÑ ~x “ px1, ¨ ¨ ¨ , xnq : xi “ Xpiq.

ϕpY q “ ~y “ py1, ¨ ¨ ¨ , ynq: yi “ Y piq.

Rn ¥�IOSÈx~x, ~yy “
n
ř

i“1
xiyi, K

EXY “
1

n

n
ÿ

i“1

XpiqY piq “
1

n

n
ÿ

i“1

xiyi “
1

n
x~x, ~yy.

Cauchy-SchwarzØ�ª:

pEXY q2 ď pEX2q ¨ pEY 2q ðñ |x~x, ~yy| ď }~x} ¨ }~y}.
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�X��5�m:

Ω ���8Ü,

X1 “ Ωþ�¤k¼ê(|Ü�8Ü).

F ´Ω þ�σ �ê,

X2 “¤k÷v�ÿ5�¦�¼ê “¤k�ÅCþ.

P ´pΩ,F q þ�VÇ, �d'XX „ Y ô X “ Y a.s.,

X3 “ X2{ „, A�7,����ÅCþÀ�Ó���.

PÒþØ«©rXs ÚX, X3
∆
“ X.
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L2 ´�5�m:

L2 :“ tX P X : EX2 ă 8u.

xX,Y y :“ EXY ´L2 þ�SÈ:

(1) é¡: xX,Y y “ xY,Xy;

(2) (V)�5: xaX ` Y,Zy “ axX,Zy ` xY, Zy;

(3) �½: xX,Xy ě 0, �xX,Xy “ 0 ��=�X “ 0 a.s..

�Ý: }X} :“
a

xX,Xy “
?

EX2;

L2 ål: dpX,Y q :“ }X ´ Y } “
a

EpX ´ Y q2.

Y�: xX,Y y “ }X} ¨ }Y } ¨ cos θ, 0 ď θ ď π.

��, X K Y : EXY “ 0.
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�L̂ ´L2 �f�m. �@Y P L2, �3��©):

Y “ Ŷ ` Y ´ Ŷ , Ù¥ Ŷ P L̂, Y ´ Ŷ K L̂.

RvŶ :

}Y ´ Ŷ } “ dpY, L̂q :“ inf
V PL̂

dpY, V q.

��½n:

}Y }2 “ }Ŷ }2 ` }Y ´ Ŷ }2, dpY, L̂q “ }Y }2 ´ }Ŷ }2.

L̂ ���Ö�m�3:

L̂K “ tW : WKV, @V P L̂u “ tY ´ Ŷ : Y P Lu.

PX0 “ X ´ EX.

��: }X0}
2, ���: xX0, Y0y, �'Xê: cos θX0,Y0 .
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�`ýÿ:

~3.5.21. �EY 2 ă 8. ¦fpaq :“ EpY ´ aq2 ����/���:.

L̂ “ R ¤k~�¼ê“ spant1u, ´L2 ���f�m.

¦dpY, L̂q2 ÚRvŶ .

LK˚ “ L2
0:

L2
0 “ tX P L2 : EX “ xX, 1y “ 0u.

���:� Ŷ “ EY :

Y ´ a0 K 1, = EpY ´ a0q “ 0, = a0 “ EY .

���� dpY, L̂q2 “ VarpY q:

}Y }2 ´ }Ŷ }2 “ EY 2 ´ pEY q2 “ VarpY q.
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~3.5.22. �EX2 ă 8,EY 2 ă 8 �0 ă VarpXq ă 8.

¦Qpa, bq “ E
`

Y ´ pa` bXq
˘2
����/���:.

L̂ “ spant1, Xu, ´L2 �2 �f�m. ¦dpY, L̂q2 ÚRvŶ .

L̂ �IO��Ä: 1, X˚.

���:� Ŷ “ a0 ¨ 1` b0X
˚, Ù¥

a0 “ EpY ¨ 1q “ EY, b0 “ EY X˚ “ σY ¨ ρXY .

����dpY, L̂q2 “ VarpY qp1´ ρ2
XY q:

dpY, L̂q2 “ EY 2 ´ a2
0

::::::::
´b20 “ VarpY q

::::::
´σ2

Y ρ
2
XY “ σ2

Y p1´ρ
2
XY q.
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~3.5.23. �EY 2 ă 8. X ´?��ÅCþ.

¦Qpψq “ E pY ´ ψpXqq2 ����/���:.

L̂ “ tψpXq : EψpXq2 ă 8u, ´L2 �f�m.

���:�Ŷ “ EpY |Xq:

Y ´ ψ̂pXqKL̂, =

EpY ´ ψ̂pXqqψpXq
:::::::::::::::

“ 0, @ψpXq P L̂.

Pϕpxq “ EpY |X “ xq, K

E
`

‹‹
:
|X “ x

˘

“ pϕpxq ´ ψ̂pxqqψpxq.

�E‹‹
:
“ EpϕpXq ´ ψ̂pXqqψpXq. �ψ “ ϕ´ ψ̂ �y.

����

dpY, L̂q2 “ EY 2 ´ E
`

EpY |Xq2
˘

“ VarpY q ´VarpEpY |Xqq.
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§3.7 1¼ê

5µ3�!¥, �ÅCþÑ��K�ê�.

�!½Â

½Â3.7.1. �PpX “ kq “ pk, k “ 0, 1, 2, ¨ ¨ ¨ . ¡

gXpsq “ EsX “
8
ÿ

k“0

pks
k, s P r´1, 1s

�X (½L pXq) �1¼ê(generating function).

·K3.7.5. X
d
“ Y ��=�Dδ ¦gXpsq “ gY psq, @s P r0, δs.

gpkqp0q “ pk ¨ k!.

~3.7.2 „ 3.7.4. Bpn, pq, P pλq, Gppq �1¼ê©O�

`

q ` ps
˘n
“

`

1` pps´ 1q
˘n
, eλps´1q,

ps

1´ qs
.
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�!5�

5�1. �X1, ¨ ¨ ¨ , Xn �pÕá, K

gX1`¨¨¨`Xnpsq “ gX1psq ¨ ¨ ¨ gXnpsq.

EsX1`¨¨¨`Xn “ EsX1 ¨ ¨ ¨ sXn “ pEsX1q ¨ ¨ ¨ pEsXnq.

~3.7.7. Bpn, pq �1¼ê�
`

q ` ps
˘n

.

5�2. �PpAq “ p; IA �X (½Y ) Õá, K

gZpsq “ p ¨gXpsq`p1´pq ¨gY psq, Ù¥ Z “ IA ¨X`IAc ¨Y.

EsZ “ EIA ¨ s
X ` EIAc ¨ sY “ pEIAqpEs

Xq ` pEIAcqpEsY q.
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5�3. �X �Y “ Y1, Y2, ¨ ¨ ¨ (i.i.d.) Õá, K

gZpsq “ gX
`

gY psq
˘

, Ù¥ Z “ Y1 ` ¨ ¨ ¨ ` YX .

EpsZ |X “ nq “ EpsY1`¨¨¨`Yn |X “ nq “ E‹ “ pEsY qn.

~3.7.8. X „ P pλq �¡ Z ÑlEÜÑt©Ù.

gXptq “ eλpt´1q, gZpsq “ eλpgY psq´1q.

eY „ Bp1, pq, Keλ
`

p1´p`psq´1
˘

“ eλpps´1q, =Z „ P pλpq.
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5�4. EXpX ´ 1q ¨ ¨ ¨ pX ´ n` 1q “ g
pnq
X p1´q.

g
pnq
X psq “

8
ř

k“n

pkkpk ´ 1q ¨ ¨ ¨ pk ´ n` 1qsk´n.

íØ3.7.9. EX “ g1Xp1´q.

~3.7.10. X „ P pλq, KEX “ g1Xp1´q “ lim
sÑ1´

λeλps´1q “ λ.

íØ3.7.11. Z “ Y1 ` ¨ ¨ ¨ ` YX , KEZ “ pEXqpEY q.

EZ “ lim
sÑ1´

g1Zpsq “ lim
sÑ1´

g1XpgY1
psqq ¨ g1Y1

psq “ pEXqpEY1q.
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~3.7.12 (©|L§).

ξn,i “ 1n �1i �I¶��fê. �ξn,i’s ÕáÓ©Ù,

f�©Ù�: pk “ Ppξ “ kq. �p1 ‰ 1 (ÄK²�).

Xn “ 1n ��I¶oê, �X0 “ 1. ¦Xn �1¼ê�Ï".

): gX1psq “ gξpsq, P�“ gpsq.

Xn`1 :“
Xn
ř

i“1
ξn,i, �gXn`1psq “ gXn

`

gpsq
˘

.

d8B{, gXnpsq “ gpnqpsq, (gp¨q S�n g).

Pm “
8
ř

k“0

k ¨ pk,

KEXn`1 “ pEXnq ¨ pEξq “ mEXn “ ¨ ¨ ¨ “ mn.
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n!�Å�þ�1¼ê

g ~Xp~sq :“ EsX1
1 ¨ ¨ ¨ sXn

n .

~X
d
“ ~Y ��=�g ~Xp¨q ” g~Y p¨q.

>�: ~X, gX1psq “ g ~Xps, 1, ¨ ¨ ¨ , 1q.

·K3.7.13. X1, ¨ ¨ ¨ , Xn �pÕá��=�@~s P r´1, 1sn,

g ~Xp~sq “ gX1ps1q ¨ ¨ ¨ gXnpsnq.
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~3.7.14 & 3.7.15. �X,Y1, Y2, ¨ ¨ ¨ �pÕá; Yn „ Bp1, pq. -

Z “ Y1 ` ¨ ¨ ¨ ` YX , W “ X ´ Z,

KX ÑlÑt©Ù��=�
:
Z
::::::
�W

:::::::::
�pÕá.

gZ,W ps, tq :“ EsZtW “ EEpsZtW |Xq.

sZtW “
`

sY1t1´Y1
˘

¨ ¨ ¨
`

sYX t1´YX
˘

.

‹ “
`

EsY1t1´Y1
˘X

, ÏdgZ,W ps, tq “ gXpps` p1´ pqtq.

::
‹‹��=�

gpps` p1´ pqtq
p˚q
“ gpps` p1´ pqq ¨ gpp` p1´ pqtq.

ñ: ���ygpsq “ eλps´1q ÷vp˚q.

ð: -fpsq “ ´ ln gp1´ sq, x “ pp1´ sq, y “ p1´ pqp1´ tq.

òp˚q U��: fpx` yq “ fpxq ` fpyq, íÑfpxq “ λx.
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§3.8 A�¼ê

�!Eê$��E��ÅCþ

E��ÅCþ: X ` iY , �du���Å�þpX,Y q.

·K3.8.1. }EpX ` iY q} ď E}X ` iY }.

·K3.8.2. �pX1, Y1q, ¨ ¨ ¨ , pXn, Ynq �pÕá, K

EpX1 ` iY1q ¨ ¨ ¨ pXn ` iYnq “
´

EpX1 ` iY1q

¯

¨ ¨ ¨

´

EpXn ` iYnq
¯

.

Ún3.8.3.

›

›

›

›

ż b

a
zptqdt

›

›

›

›

ď

ż b

a
}zptq}dt.
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Ún3.8.4. @n ě 0, y P R,
›

›

›

›

›

eiy ´

n
ÿ

m“0

piyqm

m!

›

›

›

›

›

ď min

"

2|y|n

n!
,
|y|n`1

pn` 1q!

*

.

eib ´ eia “ i

ż b

a
eitdt.

eiy ´ 1 “ i

ż y

0
eiu1du1,

eiy ´ 1´ iy “ i

ż y

0
peiu1 ´ 1qdu1 “ i2

ż y

0

ż u1

0
eiu2du2du1.

eiy ´
n
ř

m“0

piyqm

m!

“ in
ż y

0

ż u1

0
¨ ¨ ¨

ż un´1

0
peiun ´ 1qdun ¨ ¨ ¨ du2du1

“ in`1

ż y

0

ż u1

0
¨ ¨ ¨

ż un´1

0

ż un

0
eiun`1dun`1dun ¨ ¨ ¨ du2du1.
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�!A�¼ê�½Â

½Â3.8.5. ¡fp¨q �X (½L pXq)�A�¼ê, Ù¥

fXptq :“ EeitX “ E cosptXq ` iE sinptXq, t P R.

~3.8.6. X „ P pλq, fptq “ eλpe
it´1q.

~3.8.7. X „ Expp1q, K

ż 8

0
eitye´ydy “

1

it´ 1
epit´1qy

ˇ

ˇ

8

0
“

1

1´ it
“

1` it

1` t2
.

~3.8.8. X „ Np0, 1q, K

fptq “
1
?

2π

ż 8

´8

e´
x2

2
`itxdx “

1
?

2π

ż 8

´8

e´
1
2
px´itq2` 1

2
pitq2dx “ e´

t2

2 .
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·K3.8.9 (_=úª). @a ă b,

lim
TÑ8

1

2π

ż T

´T

e´ita ´ e´itb

it
fptqdt

“ Ppa ă X ă bq `
1

2
PpX “ bq `

1

2
PpX “ aq.

íØ3.8.10. e

ż 8

´8

}fXptq}dt ă 8, KX �ëY.�

pXpxq “
1

2π

ż 8

´8

e´itxfXptqdt.

íØ3.8.11. efX ” fY , KX
d
“ Y .
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n!A�¼ê�5�

5�1. fp0q “ 1, �}fptq} ď 1.

}fptq}2 “ pE cosptXqq2 ` pE sinptXqq2

ď E cos2ptXq ` E sin2
ptXq “ 1.

5�2. @ε ą 0, Dδ ą 0, s.t. |t´ s| ă δ ñ }fptq ´ fpsq} ď ε.

eitX ´ eisX “ eisXpeiuX ´ 1q.

}fptq ´ fpsq} ď E}eiuX ´ 1}.

‹ ď mint|uX|, 2u,

E‹ “ E‹ ¨ It|X|ďMu ` E‹ ¨ It|X|ąMu
:::::::::::

.

DM ą 0 s.t. Pp|X| ąMq ă ε{4. u´˚ ˚ ˚
:::

ď ε{2.

�δ “ ε{p2Mq, K˚ ˚ ˚ ď δM ď ε{2.
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5�3. @t1, ¨ ¨ ¨ , tn P R Úλ1, ¨ ¨ ¨ , λn P C,

n
ÿ

j,k“1

fptj ´ tkqλjλk ě 0.

n
ř

j,k“1

Eeiptj´tkqXλjλk “ E}
n
ř

j“1

eitjXλj}
2.

5: fXp´tq “ Ee´itX “ EpeitXq “ EeitX “ fXptq.

½n3.8.12 (ÆâB-"�½n). ef : RÑ C ëY, �÷v5

�1 & 3, Kf ´(,�ÅCþ�)A�¼ê.
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5�4. fa`bXptq “ eiatfXpbtq. AO/, f´Xptq “ fXptq.

Eeitpa`bXq “ eiatEeipbtqX “ eiatfXpbtq.

~. X
d
“ ´X ��=�fXptq P R, @t.

5�5. eX1, ¨ ¨ ¨ , Xn �pÕá, KfX1`¨¨¨`Xn “ fX1 ¨ ¨ ¨ fXn .

EeitpX1`¨¨¨`Xnq “ EeitX1 ¨ ¨ ¨ eitXn “ pEeitX1q ¨ ¨ ¨ pEeitXnq.

5�6. �PpAq “ p; IA �X (½Y ) Õá, K

fZptq “ pfXptq ` p1´ pqfY ptq, Ù¥ Z “ IA ¨X ` IAc ¨ Y.

eitZ “ IA ¨ e
itX ` IAc ¨ eitY .

EeitZ “ pEIAqpEeitXq ` pEIAcqpEeitY q.
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~3.8.14 ¦�Ü©ÙCp0, 1q�.Ê.d©Ù�A�¼ê.

pXpxq “
1

2
e´|x|, pY pyq “

1

πp1` y2q
.

Expp1q �A�¼ê�fptq “
1` it

1` t2
, �

fXptq “
1

2
fptq `

1

2
fptq “

1

1` t2
.

d�=úª,

1

2π

ż 8

´8

e´itx 1

1` t2
dt “ pXpxq “

1

2
e´|x|.

U�: tÑ y, ´xÑ t �fY ptq “ e´|t|.
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~3.8.15. �Y “ Y1, ¨ ¨ ¨ , Yn ÕáÓ©Ù, „ Cp0, 1q, K

Y1 ` ¨ ¨ ¨ ` Yn
d
“ nY, i.e.

1

n
Sn

d
“ Y.

fptq “ e´|t|, fSnptq “ fptqn “ e´n|t|.

Sn
d
“ nY :

fnY ptq “ fY pntq “ e´n|t|.

5: nY “ Y ` ¨ ¨ ¨ ` Y , (n �Y �Ú).

�Ü©Ùxäk�\5.

Z
d
“ µ` αY1 „ Cpµ, αq “ Cpµ,´αq.

�Ü©Ùx: tCpµ, αq : µ P R, α ą 0u.

A�¼ê: e´iµte´α¨|t|.

Cpµ1, α1q ˚ Cpµ2, α2q “ Cpµ1 ` µ2, α1 ` α2q. (α1, α2 ą 0.)
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5�7. �Y1, Y2, ¨ ¨ ¨ i.i.d.; X �§�Õá���K�ê, K

fZptq “ gX
`

fY1ptq
˘

,

Ù¥ Z “ Y1 ` ¨ ¨ ¨ ` YX , gXpzq :“
8
ř

k“0

pkz
k.

gXpzq, }z} ď 1 û½:

sup
mě1

›

›

›

›

›

n`m
ÿ

k“n

pkz
k

›

›

›

›

›

ď

8
ÿ

k“n

pk Ñ 0.

EpeitZ |X “ kq “ EpeitpY1`¨¨¨`Ykq|X “ kq “
`

fY1
ptq

˘k
.
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5�8. �E|X|n ă 8, Kf
pmq
X p0q “ imEXm, m “ 1, ¨ ¨ ¨ , n.

}eitX ´
n
ř

m“0

pitXqm

m!
} ď min

"

2|tX|n

n!
,
|tX|n`1

pn` 1q!

*

,

}fXptq ´
n
ÿ

m“0

imEXm

m!
tm} ď E‹pIt|X|ąMu ` It|X|ďMuq

ď
2

n!
¨ |t|nE|X|n ¨ It|X|ąMu

::::::::::::::

` |t|n`1 Mn`1

pn` 1q!
.

íØ3.8.16. eEX2 ă 8, K�tÑ 0 �,

ϕptq “ fXptq ´ 1´ itEX `
EX2

2!
t2 “ opt2q.
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~X �A�¼ê: f ~Xp
~tq :“ Eei~t¨ ~X “ E

n
ś

k“1

eitkXk .

�=úª: f ~X Ñ F ~X .

~X
d
“ ~Y ��=�f ~Xp¨q ” f~Y p¨q.

5�9. X1, ¨ ¨ ¨ , Xn �pÕá��=�

fpX1,¨¨¨ ,Xnqpt1, ¨ ¨ ¨ , tnq “ fX1pt1q ¨ ¨ ¨ fXnptnq.

5: ‹‹ �íÑeª, ��Ø,!

fX1`¨¨¨`Xnptq “ fX1ptq ¨ ¨ ¨ fXnptq.

5�10. fpX1,¨¨¨ ,Xmqpt1, ¨ ¨ ¨ , tmq “ f ~Xpt1, ¨ ¨ ¨ , tm, 0, ¨ ¨ ¨ , 0q.
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§3.9 ��©Ù�pd©Ù

�Σnˆn ��½Ý
. e

p ~Xp~xq “
1

a

p2πqn det Σ
exp

"

´
1

2
p~x´ ~µqTΣ´1p~x´ ~µq

*

,

K¡ ~X Ñl(n �/�)��©Ù, P� ~X „ Np~µ,Σq.

¡Np~0, Iq �(n �)IO��©Ù.

~X „ Np~0, Iq ��=�X1, ¨ ¨ ¨ , Xn ÕáÓ©Ù, „ Np0, 1q.

éÜ�Ý¼ê:

1
a

p2πqn
e´}~x}

2{2 “

n
ź

i“1

1
?

2π
e´x

2
i {2.

�½: ~Z L«ÑlIO��©Ù��Å�þ.
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�!��©Ù��òz�5C�

::::::
�Än

:::::::::::::
���þÚn

::::::::::::::
��òz�
,

:::
Σ

:::::
�½.

(Ø1. �Anˆn �òz, KA~Z ` ~µ „ Np~µ,Σq.

AO/, ��C�O~Z „ Np~0, Iq.

5: Σ “ AAT ��½Ý
(�5�ê).

P~x “ A~z ` ~µ,

p ~Xp~xq “ p~Zp~zq ¨
1

|det A|
“ Ce´}~z}

2
{2.

Ù¥,

}~z}2 “ ~zT~z “
`

A´1p~x´ ~µq
˘T`

A´1p~x´ ~µq
˘

“ p~x´ ~µqTpATq´1A´1p~x´ ~µq “ p~x´ ~µqTΣ´1p~x´ ~µq.

AO/, eO ���Ý
, KOOT “ I.
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~3.9.1. �X1, ¨ ¨ ¨ , Xn ÕáÓ©Ù, „ Np0, 1q, K

X̄ „ Np0,
1

n
q;

n
ÿ

i“1

pXi ´ X̄q
2 „ χ2pn´ 1q; X̄�‹�pÕá.

���Ý
Onˆn ÷vo1j ”
1
?
n

. ~Y :“ O ~X „ Np~0, Iq.

Y1 „ Np0, 1q, ÏdX̄ “
1
?
n
Y1 „ N

ˆ

0,
1

n

˙

.

1

n
‹ “

1

n

n
ř

i“1
X2
i ´ pX̄q

2 “
1

n

n
ř

i“1
Y 2
i ´

1

n
Y 2

1 “
1

n

n
ř

i“2
Y 2
i .

X̄ ¡���þ�; S2 “
1

n´ 1
‹ ¡�����.
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(Ø2. � ~X „ Np~µ,Σq.

eΣ “ AAT, KA´1p ~X ´ ~µq „ Np~0, Iq.

~X
d
“ A~Z ` ~µ, �‹

d
“ ~Z.

~3.9.2. A “
?

Σ:

���Ý
O ¦�Σ “ ODOT, Ù¥D “ diagtλ1, ¨ ¨ ¨ , λnu.

-A “ O
?

DOT, Ù¥
?

D “ diagt
?
λ1, ¨ ¨ ¨ ,

?
λnu.

(Ø3. �‹, KA ~X `~b „ NpA~µ`~b,AΣATq.

~Z :“ M´1p ~X ´ ~µq „ Np~0, Iq, Ù¥M “
?

Σ.

‹ “ ApM~Z ` ~µq `~b “ AM~Z `A~µ`~b „ Np‹, Σ̃q,

Ù¥Σ̃ “ AMpAMqT “ AΣAT.
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::::::::::::::::
�þ�êØ�½,

:::::::::::::::::::::::::::
Ý
�±òz$�Ø´�
.

(Ø4 Np~0, Iq �A�¼ê�e´}~t}
2{2.

f~Zp
~tq “ E

n
ś

k“1

eitkZk “
n
ś

k“1

EeitkZk “
n
ś

k“1

e´t
2
k{2 “ e´}~t}

2
{2.
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(Ø5. Np~µ,Σq �A�¼ê�ei~t¨~µ´ 1
2
~tTΣ~t, (Ù¥Σ �½.)

~X :“ A~Z ` ~µ „ Np~µ,Σq, Ù¥Σ “ AAT,

f ~Xp
~tq “ Eei

~t¨pA~Z`~µq “ ei
~t¨~µEei

~tTA~Z “ ei
~t¨~µEeipA

T~tqT ~Z

“ ei
~t¨~µe´}A

T~t}2{2 “ ei
~t¨~µe´

1
2
~tTAAT~t.

A �±òz$�Ø´�
, d�Σ ���½(�K½)Ý
.

A�¼ê/X‹‹ �©Ù¡�(n �)pd©Ù, P�Np~µ,Σq.

Ù¥~µ �(n �)¢�þ, Σ �(n �)��½Ý
.

�Σ òz�, �¡Np~µ,Σq �òz���©Ù.

(Ø6. A~Z ` ~µ „ Np~µ,Σq, Ù¥Σ “ AAT.

5: ~Z Ñlm �IO��, A ´nˆm Ý
, ~µ ´n �.

~3.9.3. A “
?

Σ.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



(Ø7. � ~X „ Np~µ,Σq, KA ~X `~b „ NpA~µ`~b,AΣATq.

5: ~X ´n �, A ´mˆ n Ý
, ~b ´m �.

~X
d
“ M~Z ` ~µ, Ù¥M “

?
Σ, ~Z ´n �.

‹
d
“ ApM~Z ` ~µq `~b “ AM~Z `A~µ`~b, ÂÂT “ ‹.

5: eΣ òz, vk~Z :“ M´1p ~X ´ ~µq.

(Ø8. � ~X „ Np~µ,Σq, K~µ “ E ~X, Σ � ~X ����Ý
.

~X
d
“ ~Y :“ A~Z ` ~µ, Ù¥A “

?
Σ.

E ~X “ E~Y “ ~µ,

CovpXi, Xjq “ CovpYi, Yjq “ E

˜

m
ÿ

r“1

airZr

¸

¨

˜

n
ÿ

s“1

ajsZs

¸

“

n
ÿ

r,s“1

airajsEZrZs “
n
ÿ

r“1

airajr “ pAATqpi, jq.
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~X “

˜

~V

~W

¸

, ©O´
::
n,

::
m

::::
Úk ��, n “ m` k.

~µ “

˜

~ϕ

~ψ

¸

, ©O´
::::
˚ ˚ ˚ ��.

Σ “

˜

Σ11 Σ12

Σ21 Σ22

¸

, ©O
:́::::
˚ ˚ ˚ ��.

Vi “ Xi, ϕi “ µi, i “ 1, ¨ ¨ ¨ ,m.

Wr :“ Xm`r, ψr “ µm`r, r “ 1, ¨ ¨ ¨ , k.
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(Ø9. e ~X „ Np~µ,Σq, K~V „ Np~ϕ,Σ11q, ~W „ Np~ψ,Σ22q.

�{�!>�A�¼ê.

Eei~v¨
~V “ Eei

~t¨ ~X “ ei
~t¨~µ´ 1

2
~tTΣ~t, Ù¥ ~t “

˜

~v

~0

¸

.

~t ¨ ~µ “ ~v ¨ ~ϕ, ~tTΣ~t “ ~vTΣ11~v.

�{�!�5C�: ~V “
´

Imˆm, 0
¯

~X.

~V �Ï"�~ϕ, ���Ý
�Σ11.
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(Ø10. � ~X „ Np~µ,Σq.

~V � ~W �pÕá��=�Σ12 “ 0, (�d/, Σ21 “ 0.)

éÜA�¼ê:

f~V , ~W p~v, ~wq “ Eei~v¨
~V`i~w¨ ~W “ Eei

~t¨ ~X “ ei
~t¨~µ´ 1

2
~tTΣ~t, ~t “

˜

~v

~w

¸

.

~t ¨ ~µ “ ~v ¨ ~ϕ` ~w ¨ ~ψ,

~tTΣ~t “ ~vTΣ11~v ` ~wTΣ22 ~w ` 2~vTΣ12 ~w.

f~V , ~W p~v, ~wq “ f~V p~vqf ~W p~wqe
´‹.
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(Ø11. e ~X „ Np~µ,Σq, KD~Z ÚA ¦� ~X “ A~Z ` ~µ a.s..

5: Ñ´n ��. �I?nΣ òz��/. Ø��~µ “ ~0.

~X
d
“ M~Y , Ù¥M “

?
Σ, ~Y „ Np~0, Iq.

�rankpΣq “ m, �d/, rankpMq “ m.

�M �1�þ�4��5Ã'|, Ø���cm �: ~αpiq’s.

ér “ 1, ¨ ¨ ¨ , k “ n´m
:::::::::

, Dbri’s ¦�

~αpm`rq “ br1~α
p1q ` ¨ ¨ ¨ ` brm~α

pmq.

-Vi :“ ~αpiq~Y , Wr :“ ~αpm`rq~Y , K

Wr “ br1V1 ` ¨ ¨ ¨ ` brmVm, r “ 1, ¨ ¨ ¨ , k.
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(Ø11(Y). ~X „ Np~µ,Σq ñ ~X “ A~Z ` ~µ a.s..

~X “

˜

~Xp1q

~Xp2q

¸

�M~Y “

˜

~V

~W

¸

Ó©Ù.

~Y „ Np~0, Inq, Vi :“ ~αpiq~Y ,
::::
~αpiq’s

:::::::::
�5Ã', ~W “ B~V .

~V Ñl��©Ù:

d
:
‹Ú‹�íÑVi’s �5Ã', �~V ����Ý
�òz.

,y‹:

~V “ M̃mˆn
~Y , Ù���Ý
�M̃InˆnM̃T, ��m.

~Xp1q
d
“ ~V , �Ñl��©Ù. u´

~Zp1q “ C´1 ~Xp1q „ Np~0, Imq, C “
a

Σ11.

d ~W “ B~V � ~Xp2q “ B ~Xp1q a.s..

�~Zp2q �~Z „ Np~0, Inq.

~X “ A~Z, Ù¥ A “

˜

C 0mˆk

BC 0kˆk

¸

.
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~3.9.5. �pX,Y q Ñl��©Ù, EX “ EY “ 0, K

L pY |X “ xq “ N

ˆ

EXY

EX2
¨ x, EY 2 ´

pEXY q2

EX2

˙

.

Y “ aX ` pY ´ aXq. 8I: �a ¦�EWX “ 0.

pX,W q Ñlpd©Ù, u´X �W �pÕá,

L pY |X “ xq “ L pax`W |X “ xq “ L pax`W q „ Npax, σ2
W q.

EpY ´ aXqX “ 0 ��=�a “
EXY

EX2
.

d�,

EW 2 “ EY 2 ´ EpaXq2 “ EY 2 ´
pEXY q2

EX2
.
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~. � ~X “

˜

~V

~W

¸

„ Np~0,Σq, Σ11 �òz, K

L p ~W |~V “ ~vq “ NpA~v, Σ̂22q, Ù¥A “ Σ21Σ
´1
11 , Σ̂22 “ Σ22´AΣ12.

~W “ A~V ` p ~W ´A~V q. 8I: �A ¦�ETrVi
p‹q
“ 0, @i, r.

p~V , ~T q Ñlpd©Ù, u´~V �~T �pÕá,

L p ~W |~V “ ~vq “ L pA~v`~T |~V “ ~vq “ L pA~v`~T q „ NpA~v,Σ~T q.

�A “ Σ21Σ
´1
11 ±¦�Σ21 ´AΣ11 “ 0:

ETrVi “ EpWr ´

m
ÿ

j“1

arjVjqVi “ σri ´
m
ÿ

j“1

arjσij .

Σ~T “ Σ̂22: ETsTr “ ETspWr ´
m
ř

i“1
ariViq

p˚q
“ ETsWr,

ETsTr “ EpWs ´

m
ÿ

j“1

asjVjqWr “ σm`s,s`r ´
m
ÿ

j“1

asjσj,m`r.
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(Ø12 � ~X “

˜

~V

~W

¸

„ Np~µ,Σq. �Σ11 �òz, K

L p ~W |~V “ ~vq “ Np~θ~v, Σ̂22q,

Ù¥~θ~v “ ~ψ `Σ21Σ
´1
11 p~v ´ ~ϕq, Σ̂22 “ Σ22 ´AΣ12.

k�Ä ~W ´ ~ψ Ú~V ´ ~ϕ,

L p ~W ´ ~ψ|~V ´ ~ϕ “ ~θq “ NpA~θ, Σ̂22q.

�θ “ ~v ´ ~ϕ, íÑ

L p ~W´~ψ|~V “ ~vq “ NpA~θ, Σ̂22q.
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·K3.9.6. ~X “ pX1, ¨ ¨ ¨ , Xnq
T Ñlpd©Ù��=�

é?¿a1, ¨ ¨ ¨ , an P R,
n
ř

k“1

akXk Ñl��pd©Ù.

ð: �ak “ 1; aj “ 0, @j ‰ k �Xk Ñlpd©Ù.

~X �Ï"~µ Ú���Ý
Σ Ñ�3.

f ~Xp
~tq “ Eei~t¨ ~X , Y “

n
ř

k“1

tkXk Ñlpd©Ù.

µ :“ EY “
n
ř

k“1

tkµk “ ~t ¨ ~µ;

σ2 :“ VarpY q “
n
ÿ

k,j“1

tktjCov pXk, Xjq “

n
ÿ

k,j“1

tktjσkj “ ~t
TΣ~t.

f ~Xp
~tq “ fY p1q “ eiµ´σ2{2 “ ei~t¨~µ´ 1

2
~tTΣ~t.
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